2. Functions

Exercise 2.1

1 A. Question

Give an example of a function
Which is one - one but not onto.
Answer

TIP: - One - One Function: - A function f: A — B is said to be a one - one functions or an injection if different
elements of A have different images in B.

So, f: A — B is One - One function
< a#b

= f(a)=f(b) forall a,b € A

e f(a) = f(b)
=a=DbforallabeA

Onto Function: - A function f: A — B is said to be a onto function or surjection if every element of A i.e, if f(A)
= B or range of f is the co - domain of f.

So, f: A — B is Surjection iff for each b € B, there exists 3 € B such thatf(a) = b
Now, Let, f N — N given by f(x) = x?

Check for Injectivity:

Let x,y be elements belongs to N i.ex,y € N such that
So, from definition

= f(x) = f(y)

= x2 = y2

Sx2-y2=0
=(X-y)x+y)=0

As %,y € N therefore x + y>0
=2x-y=0

>X=Yy

Hence f is One - One function

Check for Surjectivity:
Let y be element belongs to N i.e y € N be arbitrary, then

=f(x) =y
=>x2=y

= \ﬁ not belongs to N for non-perfect square value of y.

Therefore no non - perfect square value of y has a pre image in domain N.

Hence, f N — N given by f(x) = x? is One - One but not onto.
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1 B. Question

Give an example of a function
Which is not one - one but onto.
Answer

TIP: - One - One Function: - A function f: A — B is said to be a one - one functions or an injection if different
elements of A have different images in B.

So, f: A — B is One - One function
< a#zb

= f(a)=f(b) forall a,b e A

& f(a) = f(b)
=a=>bforallgbeA

Onto Function: - A function f: A — B is said to be a onto function or surjection if every element of A i.e, if f(A)
= B or range of f is the co - domain of f.

So, f: A — B is Surjection iff for each b € B, there exists 3 € B such thatf(a) =b
Now, Let, f R — R given by f(x) = x3 - x

Check for Injectivity:

Let x,y be elements belongs to Ri.e x,y € R such that
So, from definition

= f(x) = f(y)

=X -x=y -y
=x3-y3-(x-y)=0
S>(X-y) (X2 +xy+y2-1)=0
AsxZ+xy +y2=0

= therefore x2 + xy + y2 - 1= -1
=X -y=0

= x #y forsomex,y € R

Hence f is not One - One function

Check for Surjectivity:

Let y be element belongs to R i.ey € R be arbitrary, then
=f(x) =y

>x3-x=y

>x3-x-y=0

Now, we know that for 3 degree equation has a real root

So, let x = @ be that root

= fla) =y
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Thus for clearly y € R, there exist a € R such that f(x) =y
Therefore f is onto

= Hence, f R — R given by f(x) = x3 - x is not One - One but onto
1 C. Question

Give an example of a function

Which is neither one - one nor onto.

Answer

TIP: - One - One Function: - A function f: A — B is said to be a one - one functions or an injection if different
elements of A have different images in B.

So, f: A — B is One - One function
< azb

= f(a)=f(b) forall 3, b € A

& f(a) = f(b)
=a=>bforallgbeA

Onto Function: - A function f: A — B is said to be a onto function or surjection if every element of A i.e, if f(A)
= B or range of f is the co - domain of f.

So, f: A — B is Surjection iff for each b € B, there exists a € B such thatf(a) = b
Now, Let, R — R given by f(x) =5

As we know

A constant function is neither one - one nor onto.

So, here f(x) = 5 is constant function

Therefore

f:R — R given by f(x) = 5 is neither one - one nor onto function.

2 A. Question

Which of the following functions from A to B are one - one and onto?
f1={(1,3),(2,5),3,7};A={1,2,3},B=4{3,5,7}

Answer

TIP: - One - One Function: - A function f: A — B is said to be a one - one functions or an injection if different
elements of A have different images in B.

So, f: A — B is One - One function
< azb

= f(a)=f(b) forall 3, b € A

& f(a) = f(b)
=a=>bforallgbeA

Onto Function: - A function f: A — B is said to be a onto function or surjection if every element of A i.e, if f(A)
= B or range of f is the co - domain of f.

So, f: A — B is Surjection iff for each b € B, there exists a € B such thatf(a) = b
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Now, As given,

f, ={(1, 3),(2,5), (3, 7)}
A={1,2,3},B={3,57}

Thus we can see that,

Check for Injectivity:

Every element of A has a different image from B
Hence f is a One - One function

Check for Surjectivity:

Also, each element of B is an image of some element of A

Hence f is Onto.

2 B. Question

Which of the following functions from A to B are one - one and onto?
f, ={(2,a),(3,b), (4,0)}; A={2,3,4},B={a, b, c}

Answer

TIP: - One - One Function: - A function f: A — B is said to be a one - one functions or an injection if different
elements of A have different images in B.

So, f: A — B is One - One function
< azb

= f(a)=f(b) forall g, b e A

o f(a) = f(b)
=a=>bforallgbeA

Onto Function: - A function f: A — B is said to be a onto function or surjection if every element of A i.e, if f(A)
= B or range of f is the co - domain of f.

So, f: A — B is Surjection iff for each b € B, there exists a € B such thatf(a) = b
Now, As given,

f, ={(2,a), (3, b), (4, c)}

A={2,3,4},B={a, b, c}

Thus we can see that

Check for Injectivity:

Every element of A has a different image from B

Hence f is a One - One function

Check for Surjectivity:

Also, each element of B is an image of some element of A

Hence f is Onto.

2 C. Question

Which of the following functions from A to B are one - one and onto?

f3 = {(a, x), (b, x), (¢, 2), (d, 2)}; A= {a, b, c,d}, B={x,y, z}

Get More Learning Materials Here : & m @\ www.studentbro.in



Answer

TIP: - One - One Function: - A function f: A — B is said to be a one - one functions or an injection if different
elements of A have different images in B.

So, f: A — B is One - One function
< azb

= f(a)=f(b) forall g, b e A

e f(a) = f(b)
=a=bforallgbeA

Onto Function: - A function f: A — B is said to be a onto function or surjection if every element of A i.e, if f(A)
= B or range of f is the co - domain of f.

So, f: A — B is Surjection iff for each b € B, there exists 3 € B such thatf(a) = b
Now, As given,

f3 = {(a, x), (b, x), (c, 2), (d, 2)}

A={a, b,c d}, B={xy,z}

Thus we can clearly see that

Check for Injectivity:

Every element of A does not have different image from B

Since,

f3(a) = x =f3(b) and f3(c) = z = f3(d)

Therefore f is not One - One function

Check for Surjectivity:

Also each element of B is not image of any element of A

Hence f is not Onto.

3. Question

Prove that the function f : N - N, defined by f(x) = X2 + x + 1 is one - one but not onto.
Answer

TIP: - One - One Function: - A function f: A — B is said to be a one - one functions or an injection if different
elements of A have different images in B.

So, f: A — B is One - One function
< azb

= f(a)=f(b) forall g, b e A

e f(a) = f(b)
=a=>bforallgbeA

Onto Function: - A function f: A — B is said to be a onto function or surjection if every element of A i.e, if f(A)
= B or range of f is the co - domain of f.

So, f: A — B is Surjection iff for each b € B, there exists a € B such thatf(a) = b

Now, f: N — N given by f(x) = x2 + x + 1
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Check for Injectivity:

Let x,y be elements belongs to N i.ex,y € N such that

So, from definition

= f(x) = f(y)

>x2+x+1=y?+y+1

=>x2-y?+x-y=0

S>(x-y) x+y+1)=0

As %,y € N therefore x + y + 1>0

=>x-y=0

2X=Y

Hence f is One - One function

Check for Surjectivity:

y be element belongs to N i.ey € N be arbitrary

Since fory > 1, we do not have any pre image in domain N.
Hence, f is not Onto function.

4. Question

Let A= {-1,0, 1} and f = {(x, ¥) : x € A}. Show that f : A — A is neither one - one nor onto.
Answer

TIP: - One - One Function: - A function f: A — B is said to be a one - one functions or an injection if different
elements of A have different images in B.

So, f: A — B is One - One function
« azb

= f(a)=f(b) forall a,b € A

& f(a) = f(b)
=2a=>bforallabeA

Onto Function: - A function f: A — B is said to be a onto function or surjection if every element of A i.e, if f(A)
= B or range of f is the co - domain of f.

So, f: A — B is Surjection iff for each b € B, there exists 3 € B such thatf(a) = b

Now, We have, A = {-1, 0, 1} and f = {(x, ¥) : X € A}.

To Prove: - f: A = A is neither One - One nor onto function
Check for Injectivity:

We can clearly see that

f(1l)=1

andf(-1)=1

Therefore

f(1) =f(-1)

= Every element of A does not have different image from A
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Hence f is not One - One function
Check for Surjectivity:
Since, y = - 1 be element belongs to A

i.e —1 € Ain co - domain does not have any pre image in domain A.

Hence, f is not Onto function.

5 A. Question

Classify the following functions as injection, surjection or bijection:
f: N - N given by f(x) = x2

Answer

TIP: - One - One Function: - A function f: A — B is said to be a one - one functions or an injection if different
elements of A have different images in B.

So, f: A — B is One - One function
< azb

= f(a)=f(b) forall 3, b € A

& f(a) = f(b)
=a=>bforallgbeA

Onto Function: - A function f: A — B is said to be a onto function or surjection if every element of A i.e, if f(A)
= B or range of f is the co - domain of f.

So, f: A — B is Surjection iff for each b € B, there exists a € B such thatf(a) = b

Bijection Function: - A function f: 4 — B is said to be a bijection function if it is one - one as well as onto
function.

Now, f: N — N given by f(x) = x2

Check for Injectivity:

Let x,y be elements belongs to N i.e x,y € N such that
So, from definition

= f(x) = f(y)

= x2 = y2
>x2-y2=0
=(x-y)x+y)=0

As x,y € N therefore x + y>0
=2x-y=0

sXx=y

Hence f is One - One function

Check for Surjectivity:

Let y be element belongs to N i.e y € N be arbitrary, then
= f(x) = y

ﬁx2=y
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22X =

V¥

= \ﬁ not belongs to N for non-perfect square value of y.

Therefore no non - perfect square value of y has a pre-image in domain N.
Hence, f is not Onto function.

Thus, Not Bijective also.

5 B. Question

Classify the following functions as injection, surjection or bijection:

f:Z - Z given by f(x) = x2

Answer

TIP: - One - One Function: - A function f: A — B is said to be a one - one functions or an injection if different
elements of A have different images in B.

So, f: A — B is One - One function
< azb

= f(a)=f(b) forall 3, b e A

« f(a) = f(b)
=a=>bforallgbeA

Onto Function: - A function f: A — B is said to be a onto function or surjection if every element of A i.e, if f(A)
= B or range of f is the co - domain of f.

So, f: A — B is Surjection iff for each b € B, there exists a € B such thatf(a) = b

Bijection Function: - A function f: 4 — B is said to be a bijection function if it is one - one as well as onto
function.

Now, f: Z » Z given by f(x) = x?

Check for Injectivity:

Let x1, - x; be elements belongs to Zi.e x,,—x, € Z such that
So, from definition

=X #-X]

= (X1)2 = (- X1)2

= f(x1)2 = f( - x)?

Hence f is not One - One function

Check for Surjectivity:

Let y be element belongs to Z i.e y € Z be arbitrary, then

=>f(x)=y
=>x2=y
=X = i\ﬁ

= \ﬁ not belongs to Z for non-perfect square value of y.

Therefore no non - perfect square value of y has a pre-image in domain Z.
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Hence, f is not Onto function.
Thus, Not Bijective also
5 C. Question

Classify the following functions as injection, surjection or bijection:

f : N = N given by f(x) = x3

Answer

TIP: - One - One Function: - A function f: A — B is said to be a one - one functions or an injection if different
elements of A have different images in B.

So, f: A — B is One - One function
< a#b

= f(a)=f(b) forall a,b € A

e f(a) = f(b)
=a=DbforallabeA

Onto Function: - A function f: A — B is said to be a onto function or surjection if every element of A i.e, if f(A)
= B or range of f is the co - domain of f.

So, f: A — B is Surjection iff for each b € B, there exists 3 € B such thatf(a) = b

Bijection Function: - A function f: A — B is said to be a bijection function if it is one - one as well as onto
function.

Now, f : N = N given by f(x) = x3

Check for Injectivity:

Let x,y be elements belongs to N i.ex,y € N such that

= f(x) = f(y)
L3 =3
>x3-y3=0

>(X-y) (X2 +y2+xy)=0

As x,y € N therefore x? + y? + xy >0
=2x-y=0

Sx=y

Hence f is One - One function

Check for Surjectivity:

Let y be element belongs to N i.e y € N be arbitrary, then

:f(x):y
x3 =y

= ;@ not belongs to N for non-perfect cube value of y.

Since f attain only cubic number like 1,8,27....,
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Therefore no non - perfect cubic values of y in N (co - domain) has a pre-image in domain N.
Hence, f is not onto function

Thus, Not Bijective also

5 D. Question

Classify the following functions as injection, surjection or bijection:

f:Z - Z given by f(x) = x3

Answer

TIP: - One - One Function: - A function f: A — B is said to be a one - one functions or an injection if different
elements of A have different images in B.

So, f: A — B is One - One function
< azb

= f(a)=f(b) forall 3, b e A

& f(a) = f(b)
=a=>bforallgbeA

Onto Function: - A function f: A — B is said to be a onto function or surjection if every element of A i.e, if f(A)
= B or range of f is the co - domain of f.

So, f: A — B is Surjection iff for each b € B, there exists a € B such thatf(a) = b

Bijection Function: - A function f: 4 — B is said to be a bijection function if it is one - one as well as onto
function.

Now, f: Z = Z given by f(x) = x3
Check for Injectivity:
Let x,y be elements belongs to Z i.e x,y € Z such that
= f(x) = f(y)
x3 = y3
>x3-y3=0
s>X=y
Hence f is One - One function

Check for Surjectivity:

Let y be element belongs to Z i.e y € Z be arbitrary, then

=>f(x) =y
ﬁx3=y

= iﬁ not belongs to Z for non — perfect cube value of y.

Since f attain only cubic number like 1,8,27....
Therefore no non - perfect cubic values of y in Z (co - domain) have a pre-image in domain Z.
Hence, f is not onto function

Thus, Not Bijective also

Get More Learning Materials Here : & m @\ www.studentbro.in



5 E. Question

Classify the following functions as injection, surjection or bijection:
f: R - R, defined by f(x) = |x]|

Answer

TIP: - One - One Function: - A function f: A — B is said to be a one - one functions or an injection if different
elements of A have different images in B.

So, f: A — B is One - One function
< a#zb

= f(a)=f(b) forall a,b e A

& f(a) = f(b)
=a=>bforallgbeA

Onto Function: - A function f: A — B is said to be a onto function or surjection if every element of A i.e, if f(A)
= B or range of f is the co - domain of f.

So, f: A — B is Surjection iff for each b € B, there exists 3 € B such thatf(a) =b

Bijection Function: - A function f: 4 — B is said to be a bijection function if it is one - one as well as onto
function.

Now, f : R = R, defined by f(x) = ||
Check for Injectivity:

Let x,y be elements belongs to Ri.e x,y € R such that

Casei
sXx=y
= [x| =y
Case ii
S-X=y

=|-x|=1y|
=x=1y|
Hence from case i and case ii f is not One - One function

Check for Surjectivity:

Since f attain only positive values, for negative real numbers in R
(co - domain) there is no pre-image in domain R.

Hence, f is not onto function

Thus, Not Bijective also

5 F. Question

Classify the following functions as injection, surjection or bijection:
f:Z - Z, defined by f(x) = x% + x

Answer

TIP: - One - One Function: - A function f: A — B is said to be a one - one functions or an injection if different
elements of A have different images in B.
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So, f: A — B is One - One function
= azb

= f(a)=f(b) forall a,b € A

& f(a) = f(b)
=2a=>bforallabeA

Onto Function: - A function f: A — B is said to be a onto function or surjection if every element of A i.e, if f(A)
= B or range of f is the co - domain of f.

So, f: A — B is Surjection iff for each b € B, there exists 3 € B such thatf(a) = b

Bijection Function: - A function f: A — B is said to be a bijection function if it is one - one as well as onto
function.

Now, f: Z = Z given by f(x) = x2 + x

Check for Injectivity:

Let x,y be elements belongs to Z i.e x,y € Z such that
= f(x) = f(y)

>x2+x=y2+y

>x2-y2+x-y=0

=2>(X-y)(x+y+1)=0
Either(x-y)=0or(x+y+1)=0

Casei:
fx-y=0
=>X=Y

Hence f is One - One function

Caseiii:

fx+y+1=0

>2x+y=-1

SXZY

Hence f is not One - One function

Thus from case i and case ii f is not One - One function

Check for Surjectivity:

As1eZ

Let x be element belongs to Z i.e y € Z be arbitrary, then
=f(x) =1

>x2+x=1

>x2+x-1=0

Above value of x does not belong to Z
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Therefore no values of x in Z (co - domain) have a pre-image in domain Z.
Hence, f is not onto function

Thus, Not Bijective also

5 G. Question

Classify the following functions as injection, surjection or bijection:
f:Z->2Z, defined by f(x) =x-5

Answer

TIP: - One - One Function: - A function f: A — B is said to be a one - one functions or an injection if different
elements of A have different images in B.

So, f: A — B is One - One function
< a#b

= f(a)=f(b) forall a,b € A

« f(a) = f(b)
=a=DbforallabeA

Onto Function: - A function f: A — B is said to be a onto function or surjection if every element of A i.e, if f(A)
= B or range of f is the co - domain of f.

So, f: A — B is Surjection iff for each b € B, there exists 3 € B such thatf(a) = b

Bijection Function: - A function f: A — B is said to be a bijection function if it is one - one as well as onto
function.

Now, f: Z - Z given by f(x) = x -5

Check for Injectivity:

Let x,y be elements belongs to Z i.e x,y € Z such that

= f(x) = f(y)
=>x-5=y-5
=>X=y

Hence, f is One - One function

Check for Surjectivity:

Let y be element belongs to Z i.e y € Z be arbitrary, then

=>f(x) =y
:x—5=y
=2X=y+5

Above value of x belongs to Z

Therefore for each element in Z (co - domain) there exists an element in domain Z.
Hence, f is onto function

Thus, Bijective function

5 H. Question

Classify the following functions as injection, surjection or bijection:

f: R >R, defined by f(x) = sin x
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Answer

TIP: - One - One Function: - A function f: A — B is said to be a one - one functions or an injection if different
elements of A have different images in B.

So, f: A — B is One - One function
< azb

= f(a)=f(b) forall g, b e A

e f(a) = f(b)
=a=>bforallgbeA

Onto Function: - A function f: A — B is said to be a onto function or surjection if every element of A i.e, if f(A)
= B or range of f is the co - domain of f.

So, f: A — B is Surjection iff for each b € B, there exists 3 € B such thatf(a) = b

Bijection Function: - A function f: 4 — B is said to be a bijection function if it is one - one as well as onto
function.

Now, f: R =» R, defined by f(x) = sin x

Check for Injectivity:

Let x,y be elements belongs to Ri.e x,y € R such that
= f(x) = f(y)

=sin X =siny

=x =nm + (—1)"

X ZEY

Hence, f is not One - One function

Check for Surjectivity:

Let y be element belongs to R i.e y € R be arbitrary, then

=>f(x) =y
=ssinx=y
=x = sin"ly

Now, for y>1 x not belongs to R (Domain)

Hence, f is not onto function

Thus, It is also not Bijective function

5 1. Question

Classify the following functions as injection, surjection or bijection:
f:R - R, defined by f(x) = x> + 1

Answer

TIP: - One - One Function: - A function f: 4 — B is said to be a one - one functions or an injection if different
elements of A have different images in B.

So, f A — B is One - One function

< azb
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= f(a)=f(b) forall a,b € A
e f(a) = f(b)
=2a=>bforallabeA

Onto Function: - A function f: A — B is said to be a onto function or surjection if every element of A i.e, if f(A)
= B or range of f is the co - domain of f.

So, f: A — B is Surjection iff for each b € B, there exists 3 € B such thatf(a) = b

Bijection Function: - A function f: A — B is said to be a bijection function if it is one - one as well as onto
function.

Now, Let, f:R — R given by f(x) = x3 + 1

Check for Injectivity:

Let x,y be elements belongs to Ri.e x,y € R such that
So, from definition

= f(x) = f(y)

>x3+1=y3+1

=x3=y3

sXx=y

Hence f is One - One function

Check for Surjectivity:

Let y be element belongs to Ri.ey € R be arbitrary, then
=f(x) =y

>x3+1=y

Now, we know that for 3 degree equation has a real root
So, let x = g be that root

2a*+ 1=y

= fla) = ¥

Thus for clearly y € R, there exist a € R such that f(x) =y
Therefore f is onto

Thus, It is also Bijective function

5 J. Question

Classify the following functions as injection, surjection or bijection:
f: R - R, defined by f(x) = x3 - x

Answer

TIP: - One - One Function: - A function f: A — B is said to be a one - one functions or an injection if different
elements of A have different images in B.

So, A — B is One - One function
< a#=b

= f(a)=f(b) forall g, b e A
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= f(a) = f(b)
=a=>bforallgbeA

Onto Function: - A function f: A — B is said to be a onto function or surjection if every element of A i.e, if f(A)
= B or range of f is the co - domain of f.

So, f: A — B is Surjection iff for each b € B, there exists a € B such thatf(a) = b

Bijection Function: - A function f: 4 — B is said to be a bijection function if it is one - one as well as onto
function.

Now, Let, f:R — R given by f(x) = x3 + x

Check for Injectivity:

Let x,y be elements belongs to Ri.e x,y € R such that
So, from definition

= f(x) = f(y)

=x3-x=y -y

=x3-y3-(x-y)=0

= (x-y)(x2+xy+y?-1)=0

Hence f is not One - One function

Check for Surjectivity:

Let y be element belongs to R i.e y € R be arbitrary, then

=f(x) =y
>x3-x=y
>x3-x-y=0

Now, we know that for 3 degree equation has a real root

So, let x =  be that root

fla) =y

Thus for clearly y € R, there exist a € R such that f(x) =y
Therefore f is onto

Thus, It is not Bijective function

5 K. Question

Classify the following functions as injection, surjection or bijection:
f: R - R, defined by f(x) = sin?x + cos2x

Answer

TIP: - One - One Function: - A function f: A — B is said to be a one - one functions or an injection if different
elements of A have different images in B.

So, f:A — B is One - One function
< a#=b

= f(a)=f(b) forall g, b e A
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= f(a) = f(b)
=a=>bforallgbeA

Onto Function: - A function f: A — B is said to be a onto function or surjection if every element of A i.e, if f(A)
= B or range of f is the co - domain of f.

So, f: A — B is Surjection iff for each b € B, there exists a € B such thatf(a) = b

Bijection Function: - A function f: 4 — B is said to be a bijection function if it is one - one as well as onto
function.

Now, f: R = R, defined by f(x) = sin?x + cos?x

Check for Injectivity and Check for Surjectivity

Let x be element belongs to R i.ex € R such that

So, from definition

= f(x) = sin?x + cos®x

= f(x) = sin®x + cos?x

=>f(x)=1

= f(x) = constant

We know that a constant function is neither One - One function nor onto function.

Thus, It is not Bijective function

5 L. Question

Classify the following functions as injection, surjection or bijection:
2x +3

f: Q- {3} = Q, defined by f(x} —
Xx—3

Answer

TIP: - One - One Function: - A function f: A — B is said to be a one - one functions or an injection if different
elements of A have different images in B.

So, f: A — B is One - One function
< azb

= f(a)=f(b) forall g, b e A

e f(a) = f(b)
=a=bforallgbeA

Onto Function: - A function f: A — B is said to be a onto function or surjection if every element of A i.e, if f(A)
= B or range of f is the co - domain of f.

So, f: A — B is Surjection iff for each b € B, there exists 3 € B such thatf(a) = b
Bijection Function: - A function f: 4 — B is said to be a bijection function if it is one - one as well as onto
function.

2x+3

Now, f: R - R given by f(x) =

x—3
Check for Injectivity:

Let x,y be elements belongs to Q i.e x,y € Q such that

= f(x) = f(y)
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=>2x+3 _ Zy+3

x-3  y-3
= (2x + 3)(y - 3) = (2y + 3)(x - 3)
=>2Xy-6Xx+3y-9=2xy-6y +3x-9
= -6x + 3y = - 6y + 3x
=-6x+3y+6y-3x=0
=-9x+9y =0
SX=y
Thus, f is One - One function

Check for Surjectivity:

Let y be element belongs to Q i.e y € Q be arbitrary, then

= f(x) = y

Zx+3
=

x—3

22X+ 3=y (x-3)
=2X + 3 =xy -3y
=2x-xy =-3(y+1)

—3(y+1)
-y

>X =
Above value of x belongs to Q - [3] fory = 2

Therefore for each element in Q - [3] (co - domain), there does not exist an element in domain Q.
Hence, f is not onto function

Thus, Not Bijective function

5 M. Question

Classify the following functions as injection, surjection or bijection:

f: Q - Q, defined by f(x) = x3 + 1

Answer

TIP: - One - One Function: - A function f: A — B is said to be a one - one functions or an injection if different
elements of A have different images in B.

So, f: A — B is One - One function
< a#b

= f(a)=f(b) forall 3,b € A

& f(a) = f(b)
=a=DbforallabeA

Onto Function: - A function f: A — B is said to be a onto function or surjection if every element of A i.e, if f(A)
= B or range of f is the co - domain of f.

So, f: A — B is Surjection iff for each b € B, there exists 3 € B such thatf(a) = b

Bijection Function: - A function f: A — B is said to be a bijection function if it is one - one as well as onto
function.
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Now, f: Q -» Q, defined by f(x) = x3 + 1

Check for Injectivity:

Let x,y be elements belongs to Q i.e x,y € Q such that

= f(x) = fly)

>x3+1=y3+1

»x3=y3

>X=Yy

Hence, f is One - One function

Check for Surjectivity:

Let y be element belongs to Q i.e y € Q be arbitrary, then
>x3+1=y

>x3+1-y=0

Now, we know that for 3 degree equation has a real root
So, let x = g be that root

2o+ 1=y

=fle) =y

Thus for clearly y € Q, there exist ¢ € Q such that f(x) =y
Therefore f is onto

Thus, It is a Bijective function

5 N. Question

Classify the following functions as injection, surjection or bijection:
f: R - R, defined by f(x) = 5x3 + 4

Answer

TIP: - One - One Function: - A function f: A — B is said to be a one - one functions or an injection if different
elements of A have different images in B.

So, f: A — B is One - One function
< azb

= f(a)=f(b) forall a,b € A

& f(a) = f(b)
=2a=>bforallabeA

Onto Function: - A function f: A — B is said to be a onto function or surjection if every element of A i.e, if f(A)
= B or range of f is the co - domain of f.

So, f: A — B is Surjection iff for each b € B, there exists 3 € B such thatf(a) =b

Bijection Function: - A function f: 4 — B is said to be a bijection function if it is one - one as well as onto
function.

Now, f: R = R, defined by f(x) = 5x3 + 4

Check for Injectivity:
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Let x,y be elements belongs to Ri.e x,y € R such that
= f(x) = f(y)

=>5x3+4=5y34+4

=x3=y3

s>X=y

Hence, fis One - One function

Check for Surjectivity:

Let y be element belongs to R i.e y € R be arbitrary, then
=>5x3+4=y

=5x3+4-y=0

Now, we know that for 3 degree equation has a real root

So, let ¥ = @ be that root
=50 + 4=y

fla) =y
Thus for clearly y € R, there exist ¢ € R such that f(x) =y

Therefore f is onto

Thus, It is a Bijective function

5 0. Question

Classify the following functions as injection, surjection or bijection:
f: R >R, defined by f(x) = 3 - 4x

Answer

TIP: - One - One Function: - A function f: A — B is said to be a one - one functions or an injection if different
elements of A have different images in B.

So, f: A — B is One - One function
< azb

= f(a)=f(b) forall a,b € A

e f(a) = f(b)
=2a=>bforallabeA

Onto Function: - A function f: A — B is said to be a onto function or surjection if every element of A i.e, if f(A)
= B or range of f is the co - domain of f.

So, f: A — B is Surjection iff for each b € B, there exists 3 € B such thatf(a) =b

Bijection Function: - A function f: A — B is said to be a bijection function if it is one - one as well as onto
function.

Now, f: R » R given by f(x) = 3 - 4x

Check for Injectivity:

Let x,y be elements belongs to Ri.e x,y € R such that

= f(x) = f(y)
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=23-4x=3-4y
= X = y
Hence, f is One - One function

Check for Surjectivity:

Let y be element belongs to Ri.ey € R be arbitrary, then

=>f(x) =y
=23-4x =y

Above value of x belongs to R

Therefore for each element in R (co - domain), there exists an element in domain R.
Hence, f is onto function

Thus, Bijective function

5 P. Question

Classify the following functions as injection, surjection or bijection:

f: R > R, defined by f(x) = 1 + x2

Answer

TIP: - One - One Function: - A function f: A — B is said to be a one - one functions or an injection if different
elements of A have different images in B.

So, f: A — B is One - One function
< azb

= f(a)=f(b) forall g, b e A

& f(a) = f(b)
=a=>bforallgbeA

Onto Function: - A function f: A — B is said to be a onto function or surjection if every element of A i.e, if f(A)
= B or range of f is the co - domain of f.

So, f: A — B is Surjection iff for each b € B, there exists a € B such thatf(a) = b

Bijection Function: - A function f: 4 — B is said to be a bijection function if it is one - one as well as onto
function.

Now, f: R — R given by f(x) = 1 + x?

Check for Injectivity:

Let x,y be elements belongs to R i.e x,y € R such that
So, from definition

= f(x) = f(y)

>x2+1=y+1

= x2 = y2

= +x =ty

Therefore, eitherx =yorx=-yorx =y
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Hence f is not One - One function

Check for Surjectivity:

1 be element belongs to R i.e 1 € R be arbitrary, then
=f(x) =1

>x2+x=1

>x2+x-1=0

=>x == vﬁ

Above value of x not belongsto R fory <1
Therefore f is not onto

Thus, It is also not Bijective function

5 Q. Question

Classify the following functions as injection, surjection or bijection:

X

f: R » R, defined by f(x): _
X +1

Answer

TIP: - One - One Function: - A function f: A — B is said to be a one - one functions or an injection if different
elements of A have different images in B.

So, f: A — B is One - One function
< azb

= f(a)=f(b) forall a,b € A

& f(a) = f(b)
=>a=>bforallabeA

Onto Function: - A function f: A — B is said to be a onto function or surjection if every element of A i.e, if f(A)
= B or range of f is the co - domain of f.

So, f: A — B is Surjection iff for each b € B, there exists 3 € B such thatf(a) = b

Bijection Function: - A function f: A — B is said to be a bijection function if it is one - one as well as onto
function.

X

Now, f: R » R given by f(x) =

X +1

Check for Injectivity:

Let x,y be elements belongs to R i.e. %,y € R such that

= f(x) = f(y)
Lx v
xF+1 vi+1

>xy2+x=yx% +y
=>xy?+x-yx?-y=0
=Xxy(y-x)+(x-y)=0
= (X-y(l-xy)=0
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Casei:
=>x-y=0
=>X=y

f is One - One function

Case i :
=21-xy=0
=2>xy=1

Thus from case i and case ii f is One - One function

Check for Surjectivity:

Let y be element belongs to R i.ey € R be arbitrary, then

=>f(x) =y

X

21 y
>x=xXy+y

= x-xy =y

Above value of x belongs to R

Therefore for each element in R (co - domain) there exists an element in domain R.

Hence, f is onto function

Thus, Bijective function

6. Question

If f: A - B is an injection such that range of f = {a}. Determine the number of elements in A.

Answer

TIP: - One - One Function: - A function f: A — B is said to be a one - one functions or an injection if different
elements of A have different images in B.

So, f: A — B is One - One function

< azb

= f(a)=f(b) forall g, b e A

e f(a) = f(b)

=a=>bforallgbeA

Here, Range {f} = {a}

Since it is injective map, different elements have different images.
Thus A has only one element

7. Question

e |
Show that the function f: R - {3} = R - {1} given by f(x}: X--
Xx—-3

is a bijection.

Answer

TIP: - One - One Function: - A function f: A — B is said to be a one - one functions or an injection if different
elements of A have different images in B.
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So, f: A — B is One - One function
< azb

= f(a)=f(b) forall a,b € A

& f(a) = f(b)
=2a=>bforallabe A

Onto Function: - A function f: A — B is said to be a onto function or surjection if every element of A i.e, if f(A)
= B or range of f is the co - domain of f.

So, f: A — B is Surjection iff for each b € B, there exists 3 € B such thatf(a) = b

Bijection Function: - A function f: A — B is said to be a bijection function if it is one - one as well as onto
function.

ra

Now, f: R » R given by f(x) =

.

x—3

To Prove: - f(x) = i: is a bijection
—

Check for Injectivity:

Let x,y be elements belongs to R i.e. %,y € R such that

= f(x) = f(y)
L2 _¥y2
x—3 y—3

= (x-2)(y -3) = (x-3)(y - 2)
=>Xy-3Xx-2y+6=xy-2x-3y+6
=-3x-2y+2x+3y=0
=2>-X+y=0

SX=Yy

Hence, f is One - One function

Check for Surjectivity:

Let y be element belongs to Ri.ey € R be arbitrary, then

=>f(x)=y
X2
Xx—3 - y

=X-2=Xy-3y
=X-Xy=2-3y

2-3y .
X = 1_}' is a real number for ally = 1.
-y

Also, %’ += 2foranyy

Therefore for each element in R (co - domain), there exists an element in domain R.
Hence, f is onto function

Thus, Bijective function
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8 A. Question

Let A = [-1, 1], Then, discuss whether the following functions from A to itself are one - one, onto or bijective:

Answer

TIP: - One - One Function: - A function f: A — B is said to be a one - one functions or an injection if different
elements of A have different images in B.

So, f: A — B is One - One function
< a#zb

= f(a)=f(b) forall a,b e A

& f(a) = f(b)
=a=>bforallgbeA

Onto Function: - A function f: A — B is said to be a onto function or surjection if every element of A i.e, if f(A)
= B or range of f is the co - domain of f.

So, f: A — B is Surjection iff for each b € B, there exists 3 € B such thatf(a) =b

Bijection Function: - A function f: 4 — B is said to be a bijection function if it is one - one as well as onto
function.

Now, here f: A » A: A = [-1, 1] given by function is f(x) = g

Check for Injectivity:

Let x, y be elements belongs to A i.e. %,y € A such that

= f(x) = f(y)
E_ ¥

2 2
= 2X = 2y
>X=Y

1 belongs to A then
1

f(1) = =

(1) = 5

Not element of A co - domain
Hence, f is not One - One function

Check for Surjectivity:

Let y be element belongs to Ai.ey € A be arbitrary, then

=>f(x)=y
S F
5=y
:x=2y
Now,

1 belongs to A

= X = 2, which not belong to A co - domain
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Hence, f is not onto function

Thus, It is not Bijective function

8 B. Question

Let A = [-1, 1], Then, discuss whether the following functions from A to itself are one - one, onto or bijective:
9(x) = x|

Answer

TIP: - One - One Function: - A function f: A — B is said to be a one - one functions or an injection if different
elements of A have different images in B.

So, f: A — B is One - One function
< azb

= f(a)=f(b) forall a,b e A

& f(a) = f(b)
=a=>bforallgbeA

Onto Function: - A function f: A — B is said to be a onto function or surjection if every element of A i.e, if f(A)
= B or range of f is the co - domain of f.

So, f: A — B is Surjection iff for each b € B, there exists 3 € B such thatf(a) =b

Bijection Function: - A function f: 4 — B is said to be a bijection function if it is one - one as well as onto
function.

Now, heref: A—- A: A =[-1, 1]given by function is g(x) = |x|
Check for Injectivity:

Let x, y be elements belongs to Ai.ex,y € A such that

=g(x) = gly)
= |x| =yl
=X = y

1 belongs to A then

=9g(l)=1=g9(-1)

Since, it has many element of A co - domain
Hence, g is not One - One function

Check for Surjectivity:

Let y be element belongs to Ai.ey € A be arbitrary, then

=>f(x)=y
- F
5=y
=X =2y
Now,

1 belongs to A
= X = 2, which not belong to A co - domain

Since g attain only positive values, for negative - 1 in A (co - domain) there is no pre-image in domain A.
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Hence, g is not onto function
Thus, It is not Bijective function
8 C. Question

Let A = [-1, 1], Then, discuss whether the following functions from A to itself are one - one, onto or bijective:

Answer

TIP: - One - One Function: - A function f: A — B is said to be a one - one functions or an injection if different
elements of A have different images in B.

So, f: A — B is One - One function
< a#b

= f(a)=f(b) forall a,b € A

e f(a) = f(b)
=a=DbforallabeA

Onto Function: - A function f: A — B is said to be a onto function or surjection if every element of A i.e, if f(A)
= B or range of f is the co - domain of f.

So, f: A — B is Surjection iff for each b € B, there exists 3 € B such thatf(a) = b

Bijection Function: - A function f: A — B is said to be a bijection function if it is one - one as well as onto
function.

Now, heref: A= A: A = [-1, 1]given by function is h(x) = x?
Check for Injectivity:

Let x, y be elements belongs to A i.e. x,y € A such that

= h(x) = h(y)

= x2 = y2

= +x =ty

Since it has many elements of A co - domain

Hence, h is not One - One function

Check for Surjectivity:

Let y be element belongs to Ai.e.y € A be arbitrary, then

=>h(x)=y
=>X2=
=X = +Vy

Since h have no pre-image in domain A.

Hence, h is not onto function

Thus, It is not Bijective function

9 A. Question

Are the following set of ordered pairs functions? If so, examine whether the mapping is injective or surjective:

{(x, y): x is a person, y is the mother of x}
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Answer

TIP: - One - One Function: - A function f: A — B is said to be a one - one functions or an injection if different
elements of A have different images in B.

So, f: A — B is One - One function
< azb

= f(a)=f(b) forall 3, b e A

e f(a) = f(b)
=a=>bforallgbeA

Onto Function: - A function f: A — B is said to be a onto function or surjection if every element of A i.e, if f(A)
= B or range of f is the co - domain of f.

So, f: A — B is Surjection iff for each b € B, there exists a € B such thatf(a) = b

Here, It is given (X, y): x is a person, y is the mother of x

As we know each person “x” has only one biological mother

Thus,

Given relation is a function

Since more than one person may have the same mother

Function, not One - One (injective) but Onto (Surjective)

9 B. Question

Are the following set of ordered pairs functions? If so, examine whether the mapping is injective or surjective:
{(a, b) : ais a person, b is an ancestor of a}

Answer

TIP: - One - One Function: - A function f: A — B is said to be a one - one functions or an injection if different
elements of A have different images in B.

So, f: A — B is One - One function
< azb

= f(a)=f(b) forall a,b € A

& f(a) = f(b)
=>a=>bforallabeA

Onto Function: - A function f: A — B is said to be a onto function or surjection if every element of A i.e, if f(A)
= B or range of f is the co - domain of f.

So, f: A — B is Surjection iff for each b € B, there exists 3 € B such thatf(a) =b
Here, It is given (a, b): a is a person, b is an ancestor of a

As we know any person “a” has more than one ancestor

Thus,

Given relation is not a function

10. Question

Let A = {1, 2, 3}. Write all one - one from A to itself.

Answer
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TIP: - One - One Function: - A function f: A — B is said to be a one - one functions or an injection if different
elements of A have different images in B.

So, f A — B is One - One function

< azb

= f(a)=f(b) forall a,b € A

& f(a) = f(b)

=>a=>bforallabeA

We have A = {1, 2, 3}

So all one - one functions from A = {1, 2, 3} to itself are obtained by re - arranging elements of A.
Thus all possible one - one functions are:

f(l1)=1,f(2) =2,f(3) =3

f(1) =2,f(2) =3,f(3) =1

f(1) =3,f(2) =1,f(3) =2

f(1) =1,f(2) =3,f(3) =2

f(1)=3,f(2) =2,f(3) =1

f(1)=2,f(2)=1,f(3)=3

11. Question

If f : R = R be the function defined by f(x) = 4x3 + 7, show that f is a bijection.
Answer

TIP: - One - One Function: - A function f: A — B is said to be a one - one functions or an injection if different
elements of A have different images in B.

So, f: A — B is One - One function
< azb

= f(a)=f(b) forall g, b e A

& f(a) = f(b)
=a=>bforallgbeA

Onto Function: - A function f: A — B is said to be a onto function or surjection if every element of A i.e, if f(A)
= B or range of f is the co - domain of f.

So, f: A — B is Surjection iff for each b € B, there exists a € B such thatf(a) = b

Bijection Function: - A function f: 4 — B is said to be a bijection function if it is one - one as well as onto
function.

Now, f: R = R, defined by f(x) = 4x3 + 7
To Prove : - f : R = R is bijective defined by f(x) = 4x3 + 7

Check for Injectivity:

Let x,y be elements belongs to Ri.e x,y € R such that
= f(x) = f(y)

=24x3+7=4y3+7
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Hence, f is One - One function

Check for Surjectivity:

Let y be element belongs to R i.e y € R be arbitrary, then
=>f(x) =y

>4x3 +7 = y

=24x3+7-y=0

Now, we know that for 3 degree equation has a real root
So, let x = a be that root

=240 +7 =y

=fla) =y

Thus for clearly y € R, there exist a € R such that f(x) =y
Therefore f is onto

Thus, It is Bijective function

Hence Proved

12. Question

Show that the exponential function f: R—> R, given by f(x) = €X, is one - one but not onto. What happens if
the co - domain is replaced by Ry * (set of all positive real numbers).

Answer

TIP: - One - One Function: - A function f: A — B is said to be a one - one functions or an injection if different
elements of A have different images in B.

So, f: A — B is One - One function
< azb

= f(a)=f(b) forall g, b e A

& f(a) = f(b)
=a=>bforallgbeA

Onto Function: - A function f: A — B is said to be a onto function or surjection if every element of A i.e, if f(A)
= B or range of f is the co - domain of f.

So, f: A = B is Surjection iff for each b € B, there exists a € B such thatf(a) = b
Now, f: R — R given by f(x) = eX

Check for Injectivity:

Let x,y be elements belongs to Ri.e x,y € R such that

So, from definition
= f(x) = f(y)

:ex=ey
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=2eX¥=1

=>eX" Y=gl

=>Xx-y=0

SX=Yy

Hence f is One - One function
Check for Surjectivity:

Here range of f = (0,») # R
Therefore f is not onto

Now if co - domain is replaced by Ry * (set of all positive real numbers) i.e (0,») then f becomes an onto
function.

13. Question
Show that the logarithmic function f : R+0—> R given by f(x) = log, X, a > 0 is a bijection.
Answer

TIP: - One - One Function: - A function f: 4 — B is said to be a one - one functions or an injection if different
elements of A have different images in B.

So, f: A — B is One - One function
< a#b

= f(a)=f(b) forall a,b € A

& f(a) = f(b)
=2a=>bforallabeA

Onto Function: - A function f: A — B is said to be a onto function or surjection if every element of A i.e, if f(A)
= B or range of f is the co - domain of f.

So, f: A — B is Surjection iff for each b € B, there exists 3 € B such thatf(a) = b

Bijection Function: - A function f: A — B is said to be a bijection function if it is one - one as well as onto
function.

To Prove : - Logarithmic function f : R . , = R given by f(x) = log, X, a > 0 is a bijection.
Now, f: Ry * - R given by f(x) = logy x, a > 0

Check for Injectivity:

Let x,y be elements belongs to Ry * i.e x,y € Ry such that

So, from definition

= f(x) = f(y)

=log,; X = log, ¥y

=log; Xx-loggy =0

X

=log,(%) = 0

|
¥
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=X = y
Hence f is One - One function

Check for Surjectivity:

Let y be element belongs to R i.e. y € R be arbitrary, then
=f(x) =y

=logyx =y

=X = aY¥

Above value of x belongs to Ry *

Therefore, for all y € R there exist x = a¥ such that f(x) =y .

Hence, f is Onto function.

Thus, it is Bijective also

14. Question

If A= {1, 2, 3}, show that a one - one function f : A= A must be onto.
Answer

TIP: - One - One Function: - A function f: 4 — B is said to be a one - one functions or an injection if different
elements of A have different images in B.

So, f: A — B is One - One function
< a#b

= f(a)=f(b) forall a,b € A

& f(a) = f(b)
=2a=>bforallabeA

Onto Function: - A function f: A — B is said to be a onto function or surjection if every element of A i.e, if f(A)
= B or range of f is the co - domain of f.

So, f: A — B is Surjection iff for each b € B, there exists 3 € B such thatf(a) = b

Now, f: A - A where A = {1, 2, 3} and its a One - One function

To Prove: - A is Onto function

Since it is given that f is a One - One function,

Three elements of A = {1, 2, 3} must be taken to 3 different elements of co - domain A = {1, 2, 3} under f.
Thus by definition of Onto Function

f has to be Onto function.

Hence Proved

15. Question

If A= {1, 2, 3}, show that an onto function f : A—» A must be one - one.

Answer

TIP: - One - One Function: - A function f: A — B is said to be a one - one functions or an injection if different
elements of A have different images in B.

So, A — B is One - One function
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< azb

= f(a)=f(b) forall g, b e A
& f(a) = f(b)
=a=>bforallgbeA

Onto Function: - A function f: A — B is said to be a onto function or surjection if every element of A i.e, if f(A)
= B or range of f is the co - domain of f.

So, f: A — B is Surjection iff for each b € B, there exists a € B such thatf(a) = b

Now, f: A > A where A = {1, 2, 3} and its an Onto function
To Prove: - A is a One - One function

Let's assume f is not Onto function,

Then,

There must be two elements let it be 1 and 2 in Domain A = {1, 2, 3} whose images in co-domain A = {1, 2,
3} is same.

Also, Image of 3 under f can be only one element.

Therefore,

Range set can have at most two elements in co - domain A = {1, 2, 3}
= f is not an onto function

Hence it contradicts

= f must be One - One function

Hence Proved

16. Question

Find the number of all onto functions from the set A = {1, 2, 3, ...., n} to itself.
Answer

TIP: -

Onto Function: - A function f: A — B is said to be a onto function or surjection if every element of A i.e, if f(A)
= B or range of f is the co - domain of f.

So, f: A — B is Surjection iff for each b € B, there exists 3 € B such thatf(a) = b
Now, f: A—-> Awhere A= {1, 2, 3,....,n}

All onto function

It's a permutation of n symbols 1,2,3,....n

Thus,

Total number of Onto maps from A = {1, 2, 3, ...., n} to itself =

Total humber of permutations of n symbols 1,2,3,....n.

17. Question

Give examples of two one - one functions f; and f; from R to R such that f; + f; : R = R, defined by (f; + f5)
(x) = f1(x) + f2(x) is not one - one.

Answer

TIP: - One - One Function: - A function f: A — B is said to be a one - one functions or an injection if different
elements of A have different images in B.
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So, f: A — B is One - One function

< azb

= f(a)=f(b) forall a,b € A

& f(a) = f(b)

a=DbforallabeA

Let, f;: R = R and f: R » R be two functions given by (Examples)
f1(x) = x

fi1(x) = - x

From above function it is clear that both are One - One functions
Now,

= (f1 + f)(x) = f1(x) + fo(x)

= (f; + ) (X) = x-X

= (fp + fH)(x) =0

Therefore,

f; + fo : R—> R is a function given by

(f, + H)(x) =0

Since f; + f, is a constant function,

Hence it is not an One - One function.

18. Question

Give examples of two surjective function f; and f; from Z to Z such that f; + f5 is not surjective.

Answer

TIP: -

Onto Function: - A function f: A — B is said to be a onto function or surjection if every element of A i.e, if f(A)

= B or range of f is the co - domain of f.

So, f: A — B is Surjection iff for each b € B, there exists 3 € B such thatf(a) = b
Let, f1: Z > Z and f5: Z - Z be two functions given by (Examples)

f1(x) = x

f1(x) = - x

From above function it is clear that both are Onto or Surjective functions
Now,

fi+fh:Z2-Z

= (f; + f)(x) = f1(x) + f2(x)

= (f; + f)(X) = x - x

=(f + fH)(x) =0

Therefore,

f1 + fy : Z - Zis a function given by
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(f, +fH)x) =0

Since f; + f, is a constant function,

Hence it is not an Onto/Surjective function.
19. Question

Show that if f; and f, are one - one maps from R to R, then the product f; x f, : R =» R defined by (f; x f5)(x)
= f1(x)f>(x) need not be one - one.

Answer

TIP: - One - One Function: - A function f: A — B is said to be a one - one functions or an injection if different
elements of A have different images in B.

So, f: A — B is One - One function

< a#b

= f(a)=f(b) forall a,b € A

& f(a) = f(b)

a=Dbforallabe A

Let, f1: R = R and fy: R = R are two functions given by
f1(x) = x

fo(x) = x

From above function it is clear that both are One - One functions
Now, f;xf; : R = R given by

= (f1xfy )(x) = fy(x)xfp(x) = x?

= (fyxf )(x) = X2

Also,

f(l)=1="f(-1)

Therefore,

fis not One - One

= fyxf, : R > R is not One - One function.

Hence Proved

20. Question

f
Suppose f; and f, are non - zero one - one functions from R to R. Is = necessarily one - one? Justify your

]

f
answer. Here, 1.R 3R is given by

2

i‘](x}: £ (x) for all x € R.

Answer

TIP: - One - One Function: - A function f: 4 — B is said to be a one - one functions or an injection if different
elements of A have different images in B.

So, f A — B is One - One function

< a#b
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= f(a)=f(b) forall a,b € A

& f(a) = f(b)

a=Dbforallabe A

Let, f;: R = R and f: R » R are two non - zero functions given by
f1(x) = x3

f1(x) = x

From above function it is clear that both are One - One functions

Now,%= R — Rgiven by
2

ﬁ%(x) = x%forallxe R
2
Again,

% = f(let): R — Rdefined by
2

f(x) = x?

Now,
>f(1)=1=f(-1)
Therefore,

f is not One - One

:% : R —= Ris not One - One function.
2

- . f .
Hence it is not necessarily to f—l be one - one function.
2

21 A. Question

Given A= {2, 3,4}, B = {2, 5, 6, 7}. Construct an example of each of the following:
an injective map from A to B

Answer

TIP: - One - One Function: - A function f: A — B is said to be a one - one functions or an injection if different
elements of A have different images in B.

So, f: A — B is One - One function

< a#b

= f(a)=f(b) forall 3,b € A

e f(a) = f(b)

=a=DbforallabeA

Now, f : A - B, denotes a mapping such that
=f={(xy)y=x+ 3}

It can be written as follows in roster form

f={(2,5),(3,6),(4,7)}
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Hence this is injective mapping

21 B. Question

Given A= {2, 3,4}, B = {2, 5, 6, 7}. Construct an example of each of the following:
a mapping from A to B which is not injective

Answer

TIP: - One - One Function: - A function f: A — B is said to be a one - one functions or an injection if different
elements of A have different images in B.

So, f: A — B is One - One function

< a#b

= f(a)=f(b) forall g, b e A

= f(a) = f(b)

=a=DbforallabeA

Now, f: A - B, denotes a mapping such that
f={(2,2),(3,5),(4,5)}

Hence this is not injective mapping

21 C. Question

Given A= {2, 3,4}, B={2,5, 6, 7}. Construct an example of each of the following:
a mapping from A to B.

Answer

TIP: - One - One Function: - A function f: A — B is said to be a one - one functions or an injection if different
elements of A have different images in B.

So, f: A = B is One - One function

< azb

= f(a)=f(b) forall a,b € A

& f(a) = f(b)

=2a=>bforallabeA

Now, f : A - B, denotes a mapping such that

f={(2,2),(5,3),(6,4).(7.4)}

Here it is clear that every first component is from B and second component is from A
Hence this is mapping from B to A

22. Question

Show that f: R » R, given by f(x) = x - [x], is neither one - one nor onto.
Answer

TIP: - One - One Function: - A function f: A — B is said to be a one - one functions or an injection if different
elements of A have different images in B.

So, A — B is One - One function

e azb
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= f(a)=f(b) forall a,b € A
e f(a) = f(b)
=2a=>bforallabeA

Onto Function: - A function f: A — B is said to be a onto function or surjection if every element of A i.e, if f(A)
= B or range of f is the co - domain of f.

So, f: A — B is Surjection iff for each b € B, there exists 3 € B such thatf(a) = b
Now, f: A - A given by f(x) = x - [X]
To Prove: - f(x) = x - [x], is neither one - one nor onto

Check for Injectivity:

Let x be element belongs to Z i.e x € Z such that

So, from definition

= f(x) = x - [x]

=f(x) =0forxe Z

Therefore,

Range of f =[0,1] # R

Hence f is not One - One function
Check for Surjectivity:

Since Range of f = [0,1] # R
Hence, f is not Onto function.
Thus, it is neither One - One nor Onto function
Hence Proved

23. Question

Let f: N -» N be defined by

J' n+1l ifnisodd

] n-—1. ifniseven

w

f(n)=

Show that f is a bijection.
Answer

TIP: - One - One Function: - A function f: A — B is said to be a one - one functions or an injection if different
elements of A have different images in B.

So, f: A — B is One - One function
< azb

= f(a)=f(b) forall 3, b € A

e f(a) = f(b)
=a=>bforallgbeA

Onto Function: - A function f: A — B is said to be a onto function or surjection if every element of A i.e, if f(A)
= B or range of f is the co - domain of f.

So, f: A — B is Surjection iff for each b € B, there exists a € B such thatf(a) = b
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Bijection Function: - A function f: A — B is said to be a bijection function if it is one - one as well as onto
function.

Now, suppose

f(n1) = f(ny)

If n; is odd and n is even, then we have
=n+1l=n-2

=nNy-Nny =2

Not possible

Suppose both ni even and n; is odd.

Then, f(n1) = f(ny)

=>n;-1=n+1

=nN;-Ny=2

Not possible

Therefore, both n; and n, must be either odd or even
Suppose both n; and n, are odd.

Then, f(n1) = f(ny)

=>n+1=n+1

=Np =Ny

Suppose both n; and n, are even.

Then, f(n1) = f(ny)

=n-1=n-1

=N =N

Then, fis One - One

Also, any odd number 2r + 1 in the co - domain N will have an even number as image in domain N which is
=>f(n)=2r+1

=>n-1=2r+1

=>n=2r+2

Any even number 2r in the co - domain N will have an odd number as image in domain N which is
=f(n) = 2r

=>n+1=2r

=>n=2r-1

Thus f is Onto function.

Exercise 2.2

1 A. Question

Find gof and fog when f: R = R and g: R = R is defined by

f(x) = 2x + 3and g(x) = x2 + 5
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Answer

Since, R->Rand g:R » R

fog:R = R and gof:R - R

Now, f(x) = 2x + 3and g(x) = X2 + 5

gof(x) = g(2x + 3) = (2x + 3¢ + 5

= gof(x) = 4x2 + 12x + 9 + 5 = 4x%2 + 12x + 14

fog (x) = f(g(x)) =f (x> + 5) =2 (x* + 5) + 3

= fog(x)= 2x% + 10 + 3 = 2x%2 + 13

Hence, gof(x) = 4x2 + 12x + 14 and fog (x) = 2x% + 13
1 B. Question

Find gof and fog when f: R = R and g: R = R is defined by
f(x) = 2x + x% and g(x) = X3

Answer

Since, R->R and g:.R » R

fog:R -» R and gof:R » R

f(x) = 2x + x2 and g(x)=x3

Now, gof(x) = g(f (x)) =g(2x + x?)

gof (x)=(2x + x2)3 = x0 + 8x3 + 6x° + 12x4

and fog(x)=f(g(x))= f(x3)

= fog(x) = 2x3 + x°

So, gof(x) = x8 + 6x> + 12x* + 8x3 and fog(x) = 2x3 + xb
1 C. Question

Find gof and fog when f: R - R and g: R = R is defined by
f(x) =x2 + 8and g(x) = 3x3 + 1

Answer

Since, fR-»>Rand g:R » R

fog:R -» R and gof:R - R

f(x)=x? + 8 and g(x)=3x> + 1

So, gof(x)= g(f(x))

gof(x)= g(x* + 8)

gof(x)= 3(x2 + 8)3 + 1

= gof(x)= 3(x® + 512 + 24x% + 192x?) + 1

= gof(x)= 3x% + 72x% + 576x2 + 1537

Similarly, fog(x)=f(g(x))

= fog(x)= f(3x3 + 1)

= fog(x)=(3x3 + 1)2 + 8
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= fog(x)=(9x® + 1 + 6x3) + 8

= fog(x)=9x% + 6x3 + 9

So, gof(x) = 3x® + 72x4 4+ 576x2 + 1537 and fog(x) = 9x® + 6x3 + 9
1 D. Question

Find gof and fog when f: R - R and g: R - R is defined by
f(x) = x and g(x) = |x]|

Answer

Since, fR->Rand g:R » R

fog:R - R and gof:R - R

f(x) =xand g (x) = |¥|

Now, gof(x)=g(f(x) =g(x)

= gof(x) =|x|

and, fog(x) = f(g(x)) = f (|x|) = fog(x)=|x|

Hence, gof(x) = fog(x) = |x|

1 E. Question

Find gof and fog when f: R - R and g: R = R is defined by
f(x) = x2 + 2x - 3and g(x) = 3x - 4

Answer

Since, R->Rand g:R » R

fog:R = R and gof:R - R

f(x) = x2 + 2x - 3and g(x) = 3x - 4

Now, gof(x)=g(f(x))= g(x2 + 2x - 3)

gof(x) = 3(x2 + 2x-3) - 4

= gof(x)= 3x2 + 6x-9 -4

= gof(x) = 3x2 + 6x - 13

and, fog= f(g(x)) = f(3x - 4)

fog(x) = (3x - 4)? + 2(3x - 4) - 3

=9x% + 16 - 24x + 6x - 8 - 3

. fog(x) = 9x% - 18x + 5

Thus, gof(x) = 3x2 + 6x - 13 and fog(x) = 9x? - 18x + 5
1 F. Question

Find gof and fog when f: R = R and g: R = R is defined by
f(x) = 8x3 and g(x) = x1/3

Answer

Since, R->R and g:R - R

fog:R -» R and gof:R » R
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— Qy3 1
f(x) = 8x° and 5(x) = Xz

Now, gof(x) = g(f(x)) = g(8x3)

= gof(x) = (Sxa)%

gof(x) = 2x

and, fog(x) = f(g(x)) = f(x%)

- 8(){%)3

fog(x) = 8x
Thus, gof(x) = 2x and fog(x) = 8x
2. Question

Let f = {(3, 1), (9, 3), (12, 4)} and g = {(1, 3), (3, 3), (4, 9), (5, 9)}. Show that gof and fog are both defined,
Also, find fog and gof.

Answer

Let f = {(3,1), (9,3), (12,4)} and

g = {(1,3), (3,3), (4,9), (5,9)}
Now,

range of f = (1, 3, 4}

domain of f = {3, 9, 12}

range of g = {3,9}

domain of g = (1, 3, 4, 5}

since, range of f c domain of g

. gof is well defined.

Again, the range of g € domain of f
. fog in well defined.

Finally, gof = {(3,3), (9,3), (12,9)}
fog = {(1,1), (3,1), (4,3), (5,3)}

3. Question

Letf={(1,-1),(4,-2),(9,-3),(16,4)} andg={(-1,-2),(-2,-4), (- 3,-6), (4, 8)}. Show that gof is
defined while fog is not defined. Also, find gof.

Answer

We have,

f={(1,-1),(4,-2),(9, -3),(16,4)} and
g={(-1,-2),(-2,-4),(-3,-6),(4,8)}
Now,

Domain of f = {1,4,9,16}
Rangeoff={-1,-2, -3, 4}
Domainofg = (-1, -2, - 3,4}
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Range ofg =(-2,-4,-6, 8}

Clearly range of f = domain of g

. gof is defined.

but, range of g # domain of fSo, fog is not defined.
Now,

gof(1) = g(- 1)= - 2

gof(4) =g(-2) =-4

gof(9) =g (-3)=-6

gof(16) = g(4)= 8

So, gof = {(1,-2), (4,-4),(9,-6),(16,8)}
4. Question

Let A= {a,bc}, B ={u,v,w} andlet fand g be two functions from A to B and from B to A respectively
defined as: f = {(a, v), (b, u), (c, w)}, g = {(u, b), (v, a), (w, c)}.

Show that f and g both are bijections and find fog and gof.
Answer

Given, A= {a, b, c}, B={u, v, w} and

f=A->Bandg: B- Adefined by

f={(a, v), (b, u), (c, w)} and

g = {(u, b), (v, a), (w, c)}

For both f and g, different elements of domain have different
images

~.fand g are one - one

Again, for each element in co - domain of f and g, there is a pre - image in the domain
~.fand g are onto

Thus, f and g are bijective.

Now,

gof = {(a, a), (b, b), (c, ¢)} and

fog = {(u, u), (v, v), (w, W)}

5. Question

Find fog (2) and gof (1) when: f: R = R; f(x) = x2 + 8 and g: R = R; g(x) = 3x3 + 1.
Answer

We have, f: R = R given by f(x) = x2 + 8 and
g:R->Rgivenbyg(x) =3x3+1

fog(x) = f (g(x)) = f (3x3 + 1)

=(3x3+1)°+8

fog(2) = (3 x 8 + 1)2+8 = 625 + 8 = 633

Again,
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gof(x) = g(f(x)) = g(x* + 8)
=3(x2+83+1

gof(1) = 3(1 + 83+ 1 =2188
6. Question

Let R* be the set of all non - negative real numbers. If f: R* - R* and g: Rt = R* are defined as f(x) = x?
and g(x) = + vx. Find fog and gof. Are they equal functions.

Answer

We have, f: Rt -» R* given by

f(x) = x2

g: Rt >R * given by

g(x) = VX

fog (x) = f(g(x)) = f(yx)= (y®)? = X

Also,

gof (x) = g(f(x)) = g(x?) = yx7 = x

Thus,

fog(x)= gof (x)

They are equal functions as their domain and range are also equal.
7. Question

Let f: R » R and g: R = R be defined by f(x) = x? and g(x) = x + 1. Show that fog # gof.
Answer

We have, f: R—» R and g: R = R are two functions defined by
f(x)=x2and g(x) = x + 1

Now,

fog (x) = f(g(x)) = f(x + 1) =(x + 1)

=fog(x) =x2+2x + 1 ...... (i)

gof(x) = g(f(x)) = g(x?) = x% + 1 ......(ii)

from (i) & (ii)

fog = gof

8. Question

Let f: R » R an g: R = R be defined by f(x) = x + 1 and g(x) = x- 1. Show that fog = gof = I.
Answer

Let f: R=> R and g: R = R are defined as
f(x)=x+1landg(x)=x-1

Now,

fog(x) = f(g(x)) =f(x-1)=x-1+1
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Again,
fog(x) =f(g(x)) =g(x+1)=x+1-1

=X=Ig...... (ii)
from (i)& (ii)
fog = gof = Ig

9. Question

Verify associativity for the following three mappings: f: N —» Z; (the set of non - zero integers), g: Zp— Q and
h: Q = R given by f(x) = 2x, g(x) = 1/x and h(x) = eX.

Answer

We have, f: N> Z,, 9: Zg—»Qand h: Q » R
Also, f(x) = 2x, g(x) = ~and h(x) = e
X

Now, f: N -» Z, and hog: Z5 » R

- (hog)of: N - R

Also, gof: N=-Qand h:Q » R

~.ho(gof): N=R

Thus, (hog)of and ho(gof) exist and are function from N to set R.
Finally. (hog)of(x) = (hog)(f(x)) = (hog)(2x)

1 1
=h(i)=eﬁ

Now, ho(gof)(x) = ho(g(2x)) = h(zix)
= e

Hence, associativity verified.

10. Question

Considerf: N- N, g: N » N and h: N = R defined as f(x) = 2x, g(y) = 3y + 4 and h(z) = sin z for all x, y, z&€ N.
Show that ho (gof) = (hog) of.

Answer

We have,
ho(gof)(x)=h(gof(x))=h(g(f(x)))

= h(g(2x)) = h(3(2x) + 4)

= h(6x + 4) = sin(6x + 4)Vx €N
((hog)of)(x) = (hog)(f(x))= (hog)(2x)
=h(g(2x))=h(3(2x) + 4)

=h(6x + 4) = sin(bx + 4)Vx €N
This shows, ho(gof) = (hog)of

11. Question

Give examples of two functions f: N = N and g: N = N such that gof is onto, but f is not onto.

Answer
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Define f:N = N by, f(x) = x + 1 And, g: N-= N by,

_x—1ifx>1
g(x)_[ lifx=1

We first show that f is not onto.

For this, consider element 1 in co - domain N. It is clear that this element is not an image of any of the
elements in domain N.

Therefore, f is not onto.

12. Question

Give examples of two functions f: N = Z and g: Z -» Z such that gof is injective, but g is not injective.
Answer

Define f: N » Z as f(x) = x and g: N = N as g(x)=|x]|.

We first show that g is not injective.

It can be observed that:

9-1)=|-1 =1

g(1) =1 =1

Therefore, g(- 1) = g(1), but —1 = 1.

Therefore, g is not injective.

Now, gof: N = Z is defined as gof(x) = g(f(x)) =g(x)=|x]|.
Let x, y €N such that gof(x) = gof(y).

= [x|=ly|

Since x and y €N both are positive.

~IX|=lyl = x=y

Hence, gof is injective

13. Question

If f: A— B and g: B -» C are one - one functions show that gof is a one - one function.
Answer

We have, f: A-> B and g: B - Care one - one functions.
Now we have to prove : gof: A— Cin one - one

let x, y € A such that

gof(x) = gof(y)

g(f(x))=g(f(y))

f (x) = f (y) [As, g in one - one]

X =y [As, fin one - one]

gof is one - one function

14. Question

If f: A— B and g: B - C are onto functions show that gof is an onto function.
Answer

We have, f: A - B and g: B = C are onto functions.
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Now, we need to prove: gof: A - C is onto.
lety € C, then

gof (x) =y

From (i) & (ii)

f(x)=x

Since f is onto, for each element in B there exists a preim age in el

f(x)=x ...... (iii)

From (ii)and(iii) we can conclude that for each y € C, there exists a preimage in A such that gof(x) =y

. gof is onto.

Exercise 2.3

1 A. Question

Find fog and gof, if

f(x) = €%, g(x) = logex

Answer

f(x) = e* and g (x) = loge X

Now, fog(x) = f(g(x)) = f(loge x) = e!°9¥= x
= fog(x) = x

gof(x) = g(f(x)) = g(eX) = loge X = x
= gof(x)=x

Hence, fog(x) = x and gof(x) = x

1 B. Question

Find fog and gof, if

f(x) = x2, g(x) = cos x

Answer

f(x)= X, g (x) = cos x

Domain of f and Domain of g =R
Range of f = (0, «)

Range of g = (- 1,1)

. Range of f € domain of g = gof exist
Also, Range of g € domain of f = fog exist

Now,

gof (x) = g (f (x)) = g (x?) = cos X2

And
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fog (x) = f(g(x)) = f (cos x) = cos? x

Hence, fog(x) = cos x2 and gof(x) = cos? x

1 C. Question

Find fog and gof, if

f(x) = [x], g(x) = sin x

Answer

f(x)= |x| and g (x)= sin x

Range of f = (0, ©) = Domain g (R) = gof exist
Range of g=[ - 1,1] € Domain f (R) = fog exist
Now, fog (x)= f(g(x)) = f(sin x) = |sin x| and
gof(x) = g(f(x)) = g(IxI) =sin |x|

Hence, fog(x) = |sin x| and gof(x) = sin |x|

1 D. Question

Find fog and gof, if

f(x) =x + 1, g(x) = &

Answer

f(x) = x + 1 and g(x) = eX

Range of f = R € Domain of g= R = gof exist
Range of g = (0, ») = Domain of f = R = fog exist
Now,

gof(x) = g(f(x)) =g(x + 1) = e *1

And

fog (x) = f(g(x))=f(eX) =eX + 1

Hence, fog(x) = eX * 1 and gof(x) = eX + 1

1 E. Question

Find fog and gof, if

f(x) = sin! x, g(x) = x2

Answer

1 2

f(x) = sin ™+ xand g (x) = x

Range of f=[—§,§] — Domain of g = R = gof exist
Range of g= (0,) < Domain of f = R = fog exist
Now,

fog (x) = f(g(x)) = f(x2) = sin - 1x% and

gof(x) = g(f(x)) = g (sin ~ ! x) = (sin ~ 1x)?

Hence, fog(x) = sin ~ 1x2 and gof(x) = (sin ~ 1x)2

1 F. Question
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Find fog and gof, if

f(x) =x+ 1, g(x) =sin x

Answer

f(x) = x + 1 and g(x) = sin x

Range of f = R € Domain of g = R = gof exists
Range of g=[ - 1,1] < Domain of f = fog exists
Now,

fog(x) = f(g(x)) = f(sin x) = sinx+ 1

And

gof(x) = g(f(x)) = g(x + 1) = sin(x + 1)

Hence, fog(x) = sin x + 1 and gof(x) = sin(x + 1)
1 G. Question

Find fog and gof, if

f(x) =x+1,9(x) =2x+ 3

Answer

f(x) =x+ landg(x) =2x + 3

Range of f = R € Domain of g = R = gof exists
Range of g= R < Domain of f = fog exists

Now,

fog(x) = f(g(x) = f(2x + 3) = (2x + 3) + 1= 2x + 4 and
gof(x)=g(f(x))=g(x + 1) =2(x + 1) + 3=2x + 5
So, fog(x) = 2x + 4 and gof(x) = 2x + 5

1 H. Question

Find fog and gof, if
f(x) = ¢, c €R, g(x) = sin x2
Answer

f(x) =c,c€Rand

g(x) = sin x?

Range of f = R € Domain of g = R = gof exists
Range of g=[ - 1,1] € Domain of f =R = fog exists
Now,

gof(x) = g(f(x)) = g(c) = sin & and

fog(x) = f (g(x))= f(sin x?) =c

Thus, gof(x) = sin c2 and fog(x) = ¢

1 I. Question

Find fog and gof, if
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f(x) = x2 + 2, g(x) oL
l1-x

Answer

fix) =x2+landg(x) =1——

1-x

Range of f = (2,0) € Domain of g = R = gof exists

Range of g= R - [ - 1] € Domain of f =R = fog exists

Now,

fog(x) = f(g(x)) = f(-2) = + 2and

1—x=(1—x]2
fx) = g(f() = g(x2 4 2) = — %+ 2
gof(x) = g(f(x)) = g(x ) = -2+ 2)
‘ _x2+2
8o =G+ 1)
x2 X2+ 2

Hence, fog(x) = + 2 and gof(x) =

(1-x)? T 12 +2)

2. Question

Let f(x) = x2 + x + 1 and g(x) = sin x. Show that fog = gof.

Answer

We have, f (x) = x2 + x + 1 and g(x) = sin x
Now,

fog(x) = f(g(x)) = f(sin x)

= fog(x) = sin? x + sinx + 1

Again, gof(x) = g(f(x)) = g (x2 + x + 1)
= gof(x) = sin(x? + x + 1)

Clearly,

fog = gof

3. Question

If f(x) = |x|, prove that fof = f.
Answer

We have, f(x) = |x]

We assume the domain of f = R and range of f = (0,)

Range of f € domain of f

- fof exists,

Now,

fof(x) = f(f(x)) = f(|x]) = ||x|| = f(x)
~fof =f

Hence proved.

4. Question
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If f(x) = 2x + 5 and g(x) = X + 1 be two real functions, then describe each of the following functions:
(i) fog

(ii) gof

(iii) fof

(iv) f2

Also, show that fof = 2.

Answer

f(x)= 2x + 5and g(x)=x2 * 1

The range of f = R and range of g =[1, ]

The range of f € Domain of g (R) and range of g € domain of f (R)
. both fog and gof exist.

(i) fog(x) = f(g(x)) = f (x? + 1)

=2(x>+1)+5

= fog(x)=2x2 + 7

Hence fog(x) = 2x2 + 7

(ii) gof(x) = g(f(x)) = =g (2x + 5)

=(2x+ 52 +1

gof(x)= 4x2 + 20x + 26

Hence gof(x) = 4x2 + 20x + 26

(iii) fof(x) = f(f(x)) = f(2x + 5)

=2((2x+5)+5

fof(x) = 4x + 15

Hence fof(x) = 4x + 15

(iv) f2(x) = [f(x)]°= (2x + 5)?

= 4x% + 20x + 25

- from (iii) and (iv)

fof = 2

5. Question

If f(x) = sin x and g(x) = 2x be two real functions, then describe gof and fog. Are these equal functions?
Answer

We have, f (x) = sin x and g (x) = 2x.

Domain of fand g isR

Range of f=[-1,1], Rangeofg =R

. Range of f ¢ Domain g and Range of g € Domain f
fog and gof both exist.

gof(x) = g(f(x)) = g(sin x)
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= gof(x) = 2sin x

fog(x) = f(g(x)) = f(2x) = sin 2x

. gof # fog

6. Question

Let f, g, h be real functions given by f(x) = sin x, g(x) = 2x and h(x) = cos x. Prove that fog = go(fh).
Answer

f, g and h are real functions given by f(x) = sin x, g(x) = 2x and

h(x) = cos x

To prove: fog=go(fh)

L.H.S

fog(x) = f(g(x))

= f(2x) = sin 2x

= fog(x)=2sin x cos X ...... (A)
R.H.S

go(fh)(x) = go(f(x).h(x))

= g(sin x cos X) = 2sin X cos X

go(fh)(x) = 2 sin x cos x...... (B)

from A and B

fog(x) = go(fh)(x)

Hence proved

7. Question

Let f be any real function and let g be a function given by g(x) = 2x. Prove that gof = f + f.
Answer

We are given that f is a real function and g is a function given by
g(x) = 2x

To prove; gof=f + f.

L.H.S

gof(x) = g(f(x)) = 2f(x)
=f+f=R.HS

gof=f + f

Hence proved

8. Question
If f(x)=4/1—x and g(x) = logex are two real functions, then describe functions fog and gof.

Answer
f(x) = /1 —x 9(x) =log ¢ X
Domain of f and g are R.

Range of f= (- », 1) Range of g = (0, e)
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Range of f € Domain of g = gof exists

Range of g € Domain f = fog exists
- gof (x) = g(f(x)) = 9(v1 —x)

- gof (x) =]og, V1 —x

Again

fog (x) = f(g(x)) = f(log ¢ x)

fog (x) =,/1 —log, %

2/

9. Question

nom . ) 3 . .
If f: _EEJ - Rand g: [-1, 1] =» R be defined as f(x) = tan x and g(x) = «"1 —x~ respectively. Describe
fog and gof.
Answer

f: (—3 E) — Rand g:[-1,1]1 = R defined as f(x) = tan x and g(x) =1 — x2

Range of f: let y = f(x)
=y =tan x
>x=tan"ly
. m T
Since, x € (_5’5)' y € (- o, )
As Range of f € Domain of g

.. gof exists.

Similarly, lety = g(x)

sy =yi—x2
=)X=v.'1_y2

~.Rangeofgis[-1,1]
As, Range of g € Domain of f
Hence, fog also exists

Now,

fog(x) = f(g(x)) = f(vT—x2)
= fog(x) = tan /1 —x2
Again,

gof(x) = g(f(x)) = g(tan x)

= gof(x) = /1 —tanZx
10. Question
If f(x)=A/x+3 andg(x) = x? + 1 be two real functions, then find fog and gof.

Answer
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fix) = yx + 3, 9(x) =x2 + 1

Now,

Domain of f = [ - 3, »], domain of g = (- », ®)

Range of f = [0, »), range of g = [1, «)

Then, range of f € Domain of g and range of g € Domain of f
Hence, fog and gof exists

Now,

fog(x) = f(g(x)) = f(x2 + 1)

= fog(x) = Vx2 + 4

Again,

gof(x) = 9(f(x)) = 9(yx + 3)

= gof(x) = (yx + 3)° + 1

=>gof(x) =x+ 4

11 A. Question

Let f be a real function given by f(x) = \,"E Find each of the following:
fof

Answer

We have, f(x) = \x -2

Clearly, domain of f = [2, »] and range of f = [0, x)

We observe that range of f is not a subset of domain of f

. Domain of (fof) = {x: x e Domain of f and f(x) € Domain of f}
= {x:x€[2, »)and \[x —2€[2, »)}

= {x: x€[2, ©)and \x —2 = 2}

= {x:x€[2, »)and x -2 =4}

= {Xx: x€[2, »)and x = 6}

= [6, »)

Now,

fof(x) = f(f(x)) = f(‘m) = \f’m

11 B. Question

Let f be a real function given by f(x) = \,’E Find each of the following:
fofof

Answer

We have, f(x) = \x -2

Clearly, domain of f = [2, ] and range of f = [0, «)

We observe that range of f is not a subset of domain of f
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. Domain of (fof) = {x: x e Domain of f and f(x) € Domain of f}
= {x:x€e[2, »)and \[x —2€[2, »)}

= {x: x€[2, ©)and \x —2 = 2}

= {x:x€[2, »)and x -2 =4}

= {x: x€[2, ©»)and x = 6}

= [6, «)

Clearly, range of f = [0, ©) ¢& Domain of (fof)

. Domain of ((fof)of) = {x: xe Domain of f and f(x) € Domain of (fof)}
= {x: x€[2, ») and \[x —2 € [6, »)}

= {x:x€[2, »)and \[x —2 = 6}

={x:x€e[2, »)and x-2 = 36}

= {X: x€ [2, ») and x = 38}

=[38, =)

Now,

(fof)(x) = f(f(x)) = f(yx=2) = V5 =2 — 2

(fofof)(x) = (fof)(f(x)) = (fof)(yx —2) = J JWx—2-2-2

.. fofof : [38, ») —» R defined as

(fofof) (x) = J S22
11 C. Question
Let f be a real function given by f(x) =+/x — 2. Find each of the following:

(fofof)(38)

Answer

We have, f(x) = \x -2

Clearly, domain of f = [2, »] and range of f = [0, x)

We observe that range of f is not a subset of domain of f

.. Domain of (fof) = {x: x e Domain of f and f(x) € Domain of f}
= {x: x€[2, »)and \[x—2 € [2, ©)}

= {x:x€[2, »)and \[x —2 = 2}

= {x:x€[2, ©»)and x-2 =4}

= {x:x€[2, »)and x = 6}

=[6, )

Clearly, range of f = [0, ») ¢ Domain of (fof)

. Domain of ((fof)of) = {x: xe Domain of f and f(x) € Domain of (fof)}

= {x: x€ [2, »)and Vx—2E€ [6, »)}
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= {x: x€[2, ©)and \x —2 = 6}
= {x:x€[2, ©)and x -2 = 36}
= {X: x € [2, ») and x = 38}
=[38, =)

Now,

(fof)(x) = f(f(x)) = (VX =2) = JVx =2 — 2

(fofof)(x) = (fof)(f(x)) = (fof)(yx—2) = J 222

.. fofof : [38, ») —» R defined as

(fof)(x) = ff(X)) = f(yVx—2) = yx —2 - 2

(fofof) (x) = (fof)(f(x)) = (fof)(yx —2) = J 322

.. fofof : [38, ©) —» R defined as

(fofof)(x) = J =

2-2
(fofof)(38) = |/V3g—2-2-2= Jw%—z—z
=JV6—2-2=+JVa-2=+v2-2=0

11 D. Question

Let f be a real function given by f(x) = \,"E Find each of the following:
£2

Also, show that fof = 2.

Answer

We have, f(x) = \x —2

Clearly, domain of f = [2, »] and range of f = [0, x)

We observe that range of f is not a subset of domain of f
. Domain of (fof) = {x: x e Domain of f and f(x) € Domain of f}
= {x: x€[2, ©) and \[x —2 € [2, »)}

= {x:x€[2, »)and \[x —2 = 2}

= {X: x€[2, »)and x-2 =4}

= {X: X € [2, ©») and x = 6}

=[6, )

Now,

(fof)(x) = f(f(x)) = f[\,’m) = v’m

.~ fof: [6, ) » R defined as
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(fof)(x) = /yx—2— 2

2(x) = [0 =[x —2]" = x - 2
- f2:[2, ©) - R defined as

f2(x) = x - 2

. fof = 2

12. Question

.

~ . Find fof.

-
et fx) = 1 E :

]3—3(.

~

Answer

1 +x0=x=2

flx) = [3—xz<x£3
Range of f = [0, 3] € Domain of f

L+ x0<x<2 1+ (1 +x)0<x=1
.'.fof(x)=f(f(x))=f([3_;2;;;3)=f 3—(1+x)1<x=2
- 1+(3—-x)2<x=<3

2+ x0=x=1
So, fof(x) =42 —xl1<x=2
4 -x2<x=3

13. Question

If f, g: R = R be two functions defined as f(x) = |x| + x and
g(x) = |x|-x for all x € R. Then, find fog and gof. Hence, find fog (-3),
fog (5) and gof(-2).

Answer

Domain of f(x) and g(x) is R.

Range of f(x) = [0, ») and range of g(x) = [0, x)

As, range of f € Domain of g and range of g € Domain of f
So, gof and fog exists

Now,

fog(x) = f(g(x)) = f(|x|-x)

= fog(x) = ||x|-x] + [X]-x

As, range of g(x) = 0 so, |[x|-x| = |x|-x

So, fog(x) = |[x|-X]| + |x|-Xx = |X|-X + |x]-x

= fog(x) = 2(|x]-x)

Also,

gof(x) = g(f(x)) = g(|x| + x) = ||x| + x| - (|x| + x)

As, range of f(x) = 0 so, ||x] + x| = |x] + x

So, gof(x) = ||x]| + x| - (|X] + X) = [X|+ x - (|x] +x) =0

Thus, gof(x) = 0
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Now, fog(- 3) = 2(] - 3]-(- 3)) =2(3 + 3) =6,

fog(5) = 2(|5| - 5) = 0, gof(- 2) =0

Exercise 2.4

1. Question

State with reasons whether the following functions have inverse:
(iyf:[1,2,3,4]1- {10} with f = {(1, 10), (2, 10), (3, 10), (4, 10)}
(ii)g:{5,6,7,8}- {1, 2, 3,4} with g = {(5, 4), (6, 3), (7, 4), (8, 2)}
(iiiyh: {2,3,4,5}>{7,9, 11, 13} with h = {(2, 7), (3, 9), (4, 11), (5, 13)}
Answer

(i) f:[1,2,3,4]1- {10} with f = {(1, 10), (2, 10), (3, 10), (4, 10)}

Recall that a function is invertible only when it is both one-one and onto.
Here, we have f(1) = 10 = f(2) = f(3) = f(4)

Hence, f is not one-one.

Thus, the function f does not have an inverse.

(i)g:{5,6,7,8}~>{1, 2, 3,4} withg = {(5, 4), (6, 3), (7, 4), (8, 2}
Recall that a function is invertible only when it is both one-one and onto.
Here, we have g(5) = 4 = g(7)

Hence, g is not one-one.

Thus, the function g does not have an inverse.

(i) h: {2, 3,4,5}->{7,9, 11, 13} with h = {(2, 7), (3, 9), (4, 11), (5, 13}
Recall that a function is invertible only when it is both one-one and onto.

Here, observe that distinct elements of the domain {2, 3, 4, 5} are mapped to distinct elements of the co-
domain {7, 9, 11, 13}.

Hence, h is one-one.

Also, each element of the range {7, 9, 11, 13} is the image of some element of {2, 3, 4, 5}.
Hence, h is also onto.

Thus, the function h has an inverse.

2. Question

Find f1 if it exists for f: A » B where

(i) A={0,-1,-3,2}; B=4{-9,-3,0, 6} &f(x) = 3x
(i)A={1,3,5,7,9};B={0,1,9, 25, 49, 81} & f(x) = ¥
Answer

(i) A={0,-1,-3,2}; B=4{-9,-3,0, 6} &f(x) = 3x

We have f: A - B and f(x) = 3x.

=f = {(0, 3x0), (-1, 3x(-1)), (-3, 3%x(-3)), (2, 3x2)}
~f={(0,0), (-1, -3), (-3, -9), (2, 6)}

Recall that a function is invertible only when it is both one-one and onto.
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Here, observe that distinct elements of the domain {0, -1, -3, 2} are mapped to distinct elements of the co-
domain {0, -3, -9, 6}.

Hence, f is one-one.
Also, each element of the range {-9, -3, 0, 6} is the image of some element of {0, -1, -3, 2}.
Hence, f is also onto.

Thus, the function f has an inverse.

We have f1 = {(0, 0), (-3, -1), (-9, -3), (6, 2)}
(i)A={1,3,5,7,9};B={0,1,9, 25,49, 81} &f(x) = ¥

We have f: A > B and f(x) = x2.

=f={(1,12),(3, 3%, (5 5%, (7, 7%, (9, 9°)}

~f={(1,1),(3,9), (5, 25), (7, 49), (9, 81)}

Recall that a function is invertible only when it is both one-one and onto.

Here, observe that distinct elements of the domain {1, 3, 5, 7, 9} are mapped to distinct elements of the co-
domain {1, 9, 25, 49, 81}.

Hence, f is one-one.

However, the element 0 of the range {0, 1, 9, 25, 49, 81} is not the image of any element of {1, 3, 5, 7, 9}.
Hence, f is not onto.

Thus, the function f does not have an inverse.

3. Question

Considerf: {1, 2,3}-{a, b,c} and g : {a, b, c} = {apple, ball, cat} defined as f(1) = a, f(2) = b, f(3) =,
g(a) = apple, g(b) = ball and g(c) = cat. Show that f, g and gof are invertible. Find 1, g1, (gof)"! and show
that (gof)! = flog™.

Answer

f:{1,2,3}->{a,b,c}andf(l) =a,f(2) =b, f(3) =c

=f={(1,a), (2,b), (3, 0}

Recall that a function is invertible only when it is both one-one and onto.

Here, observe that distinct elements of the domain {1, 2, 3} are mapped to distinct elements of the co-
domain {a, b, c}.

Hence, f is one-one.

Also, each element of the range {a, b, c} is the image of some element of {1, 2, 3}.
Hence, f is also onto.

Thus, the function f has an inverse.

We have f1 = {(a, 1), (b, 2), (c, 3)}

g: {a, b, c} - {apple, ball, cat} and g(a) = apple, g(b) = ball, g(c) = cat
=g = {(a, apple), (b, ball), (c, cat)}

Similar to the function f, g is also one-one and onto.

Thus, the function g has an inverse.

We have g1 = {(apple, a), (ball, b), (cat, c)}

We know (gof)(x) = g(f(x))
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Thus, gof: {1, 2, 3} - {apple, ball, cat} and
(gof)(1) = g(f(1)) = g(a) = apple

(gof)(2) = g(f(2)) = g(b) = ball

(gof)(3) = g(f(3)) = g(c) = cat

= gof = {(1, apple), (2, ball), (3, cat)}

As the functions f and g, gof is also both one-one and onto.
Thus, the function gof has an inverse.

We have (gof)! = {(apple, 1), (ball, 2), (cat, 3)}
Now, let us consider flogl.

We know (flog)(x) = f1(gl(x))

Thus, flog™ : {apple, ball, cat} = {1, 2, 3} and
(Flog)(apple) = f1(g(apple)) = fl(a) = 1
(fFlogt)(ball) = fi(gl(ball)) = fi(b) =2
(flog)(cat) = F(gl(cat)) = fl(c) = 3

= flogl = {(apple, 1), (ball, 2), (cat, 3)}
Therefore, we have (gof) ! = flogl.

4. Question

LetA={1,2,3,4};B=4{3,5,7,9};C={7,23,47,79}Yandf: A-B,g: B - Cbedefinedas f(x) =2x + 1
and g(x) = x2 - 2. Express (gof)! and flog? as the sets of ordered pairs and verify (gofy! = flog™.

Answer

We havef: A-B &f(x) =2x + 1
=>f={(1,2x1+1),(2,2x2 +1),(3,2x3 + 1), (4, 2x4 + 1)}
~f={(1,3),(2,5),(3,7), (4,9}

Function f is clearly one-one and onto.

Thus, 1 exists and f1 = {(3, 1), (5, 2), (7, 3), (9, 4)}

We have g:B - C &g(x) = X2 - 2
»g=1{(3,32-2),(55%-2),(7,7%-2),(9, 9 - 2)}
~9={(3,7), (5, 23),(7,47),(9,79)}

Function g is clearly one-one and onto.

Thus, g exists and g1 = {(7, 3), (23, 5), (47, 5), (79, 9)}
We know (gof)(x) = g(f(x))

Thus, gof : A— C and

(gof)(1) = g(f(1)) = g(3) =7

(gof)(2) = g(f(2)) = g(5) = 23

(gof)(3) = g(f(3)) = g(7) = 47

(gof)(4) = g(f(4)) = g(9) =79

= gof = {(1, 7), (2, 23), (3, 47), (4, 79)}
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Clearly, gof is also both one-one and onto.

Thus, the function gof has an inverse.

We have (gof) = {(7, 1), (23, 2), (47, 3), (79, 4)}
Now, let us consider flogl.

We know (flog)(x) = f1(gl(x))

Thus, flogl:C—-Aand

(fFlog)(7) = FH(gl(7) = f1(3) =1

(Flog1)(23) = FH(g1(23)) = f1(5) = 2
(fFlog1)(47) = fL(gh(47)) = F1(7) = 3
(fFlog1)(79) = fL(gH(79)) = F1(9) = 4

= flogt = {(7, 1), (23, 2), (47, 3), (79, 4)}
Therefore, we have (gof)! = flogl.

5. Question

Show that the function f : Q - Q defined by f(x) = 3x + 5 is invertible. Also, find f1.
Answer

We have f: Q » Q and f(x) = 3x + 5.

Recall that a function is invertible only when it is both one-one and onto.
First, we will prove that f is one-one.

Let X7, xo€ Q (domain) such that f(x;) = f(xy)
=3X7 +5=3x+5

= 3X7 = 3Xy

X1 =X

So, we have f(x1) = f(x) = X7 = Xo.

Thus, function f is one-one.

Now, we will prove that f is onto.

Let y € Q (co-domain) such that f(x) =y

=23x+5=y

=23x=y-5
vy—5

o 3

Clearly, for every y € Q, there exists x € Q (domain) such that f(x) = y and hence, function f is onto.

Thus, the function f has an inverse.
We have f(x) = y = x = fl(y)

But, we found f(x) = y = x = ¥2
3

Hence, f~1(y) = ?
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Thus, f(x) is invertible and f—l(x) _ ?

6. Question

Show that the function f : R - R defined by f(x) = 4x + 3 is invertible. Find the inverse of f.
Answer

We have f: R - R and f(x) = 4x + 3.

Recall that a function is invertible only when it is both one-one and onto.
First, we will prove that f is one-one.

Let X7, X2€ R (domain) such that f(x;) = f(x5)

=4X1 + 3 =4x> + 3

= 4x1 = 4%y

X1 =X

So, we have f(x1) = f(x3) = X7 = xo.

Thus, function f is one-one.

Now, we will prove that f is onto.

Let y € R (co-domain) such that f(x) =y

24X+ 3 =y

=24x =y -3
yv—3

LY = 2

Clearly, for every y € R, there exists x € R (domain) such that f(x) = y and hence, function f is onto.
Thus, the function f has an inverse.
We have f(x) = y = x = fl(y)

But, we found f(x) =y = x = 1"_;3

Hence, f~1(y) = 1"_;3

Thus, f(x) is invertible and f~*(x) = ‘;43

7. Question

Consider f : RT— [4, ») given by f(x) = x2 + 4. Show that f is invertible with f of f given by f (x)=+x -4,

where R™ is the set of all non-negative real numbers.

Answer

We have f: R*— [4, ») and f(x) = x2 + 4.

Recall that a function is invertible only when it is both one-one and onto.
First, we will prove that f is one-one.

Let x1, Xxo€ RT (domain) such that f(x;) = f(x,)

=>x2+4=x°2+4

2 _ .2

= X17 =X
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S X1 = X (X7#-Xpas X1, Xp€ RY)

So, we have f(x1) = f(xp) = X7 = Xo.

Thus, function f is one-one.

Now, we will prove that f is onto.

Let y € [4, ») (co-domain) such that f(x) =y

>x2+4=y

>x2=y-4
.'.X:Vy—ﬂl-

Clearly, for every y € [4, ), there exists x € Rt (domain) such that f(x) = y and hence, function f is onto.

Thus, the function f has an inverse.
We have f(x) = y = x = fl(y)

But, we found f(x) =y =y = fy — 4

N
Hence, f-l(y) = va — 4
Thus, f(x) is invertible and f=1(x) = \x — 4

8. Question

A - ) 2
Iff(x} = 4x+3 x = =, show that (fof)(x) = x for allx = Z. What is the inverse of f?
6x -4 3 3
Answer
We have f(x) = =2 x » 2
6x—4 3

We know (fof)(x) = f(f(x))

I
(4){ + 3) 43
= (fof) (x) = — X 2—
6 (—a) 4
4(4x+3) + 3(6x—4)
= (DX = g3 —a(ex—4)
16X+ 12 + 18x— 12
= (fof) (x) =

24x+ 18 — 24x+ 16
34x
= (fof) (x) = 34
~ (fof)(x) = x
As (fof)(x) = x = Iy (the identity function), f(x) = f1(x).

Thus, f1(x) = ::ii

9. Question

Consider f: R*— [-5, ») given by f(x) = 9x? + 6x - 5. Show that f is invertible with -1 (x)= X+6-1
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Answer

We have f: R*— [-5, ») and f(x) = 9x2 + 6x - 5.
Recall that a function is invertible only when it is both one-one and onto.
First, we will prove that f is one-one.

Let x1, Xxo€ RT (domain) such that f(x;) = f(x,)
= 9x72 + 6x7 -5 = 9x2 + 6X5 - 5

= 9x72 + 6X1 = 9%x2 + 6X3

= 9x12 - 9xp2 + 6X; - 6x, =0

= 9(x72 - x2) + 6(x; - X3) =0

= 9(X7 - X2)(X] + X3) + 6(X3 -%3) =0

= (X7 - X2)[9(X7 + X2) + 6] =0

= X1 - X3 = 0 (as X3, X;€ RT)

X1 =X

So, we have f(x1) = f(x3) = X7 = Xo.

Thus, function f is one-one.

Now, we will prove that f is onto.

Lety € [-5, =) (co-domain) such that f(x) =y
=»9x2+6x-5=y

Adding 6 to both sides, we get

9x2 +6x-5+6=y+6
>9x2+6x+1=y+6

>(Bx+12=y+6

=3X+1= \,’m

= 3x= \,’m -1

oYy te-1

LX = 3

Clearly, for every y € [4, »), there exists x € R (domain) such that f(x) = y and hence, function f is onto.

Thus, the function f has an inverse.
We have f(x) = y = x = fl(y)

But, we found f(x) = y =y _ J/¥*6-1
3

—_—

Hence, f-1(y) — y¥+6-1
Fiy) =

Thus, f(x) is invertible and f-1(x) = Vx+6-1
3

10. Question

If f : R » R be defined by f(x) = x3 - 3, then prove that f1 exists and find a formula for f1. Hence, find f1(24)
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and f1(5).

Answer

We have f: R » R and f(x) = x3 - 3.

Recall that a function is invertible only when it is both one-one and onto.
First, we will prove that f is one-one.

Let X1, X2€ R (domain) such that f(x;) = f(x3)

=>x13-3=x3-3

3 = x,3

= X].
= (X1 - X2)(X12 + X1X5 + X22) = 0
= X1 - X = 0 (as xq, Xp€ RY)

X1 =X

So, we have f(x1) = f(x3) = X7 = xo.
Thus, function f is one-one.

Now, we will prove that f is onto.

Let y € R (co-domain) such that f(x) =y

>x3-3=y
>x3=y+3
.'.X:i,y—'—B

Clearly, for every y € R, there exists x € R (domain) such that f(x) = y and hence, function f is onto.
Thus, the function f has an inverse.

We have f(x) = y = x = fl(y)

But, we found f(x) =y =>x = ft;'m

Hence, f—l(y) = Iy +3

3
¥
Thus, f(x) is invertible and f-1(x) = 3x + 3

Hence, we have

Thus, f1(24) = 3 and f1(5) = 2.

11. Question

A function f : R - R is defined as f(x) = x3 + 4. Is it a bijection or not? In case it is a bijection, find f1(3).
Answer

We have f: R -» R and f(x) = x3 + 4.

Recall that a function is a bijection only if it is both one-one and onto.

First, we will check if f is one-one.

Let X1, X2€ R (domain) such that f(x;) = f(xy)
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>x3+4=x3+4
= x3 = %3

= (X1 - X2)(X12 + X3%3 + X22) = 0

As X1, X2€ R and the second factor has no real roots,
X1-%X2=0

X1 =X

So, we have f(x7) = f(x2) = X1 = x5.

Thus, function f is one-one.

Now, we will check if f is onto.

Let y € R (co-domain) such that f(x) =y

>x3+4=y

>x3=y-4
.'.X:ify—q-

Clearly, for every y € R, there exists x € R (domain) such that f(x) = y and hence, function f is onto.

Thus, the function f is a bijection and has an inverse.

We have f(x) = y = x = fl(y)

But, we found f(x) =y =x =3y — 4
Hence, f~1(y) =3y — 4

Thus, f(x) is invertible and {1 (x) = ftfm
Hence, we have
f13)=V3-4=V-1=-1

Thus, f1(3) = -1.

12. Question

Iff: Q- Q, g: Q- Q are two functions defined by f(x) = 2x and g(x) = x + 2, show that f and g are bijective
maps. Verify that (gof)? = flog™.

Answer

We have f: Q » Q and f(x) = 2x.

Recall that a function is a bijection only if it is both one-one and onto.
First, we will prove that f is one-one.

Let X1, X2€ Q (domain) such that f(x7) = f(xy)

= 2X1 = 2Xy

XL =X

So, we have f(x1) = f(xp) = X7 = Xo.

Thus, function f is one-one.

Now, we will prove that f is onto.
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Let y € Q (co-domain) such that f(x) =y
=22X=Yy

oY
x-

Clearly, for every y € Q, there exists x € Q (domain) such that f(x) = y and hence, function f is onto.
Thus, the function f is a bijection and has an inverse.

We have f(x) = y = x = fl(y)

But, we found f(x) = y=x = %

Hence, f~1(y) =§

Thus, f~1(x) = ;

Now, we have g : Q » Q and g(x) = x + 2.
First, we will prove that g is one-one.

Let X7, X2€ Q (domain) such that g(x;) = g(x5)
22X +2=X+2

X1 =X

So, we have g(x7) = g(x3) = X1 = Xx5.

Thus, function g is one-one.

Now, we will prove that g is onto.

Let y € Q (co-domain) such that g(x) =y
2X+2=y

X =Yy -2

Clearly, for every y € Q, there exists x € Q (domain) such that g(x) = y and hence, function g is onto.
Thus, the function g is a bijection and has an inverse.
We have g(x) =y =x = gi(y)

But, we found g(x) = y=x=y -2

Hence, gl(y) =y -2

Thus, g1(x) = x - 2

We have (flog1)(x) = f1(g'}(x))

We found f~*(x) = - and g'*(x) = x - 2

= (flog)(x) = f1(x - 2)

- (og ) =1

We know (gof)(x) = g(f(x)) and gof : Q » Q
= (gof)(x) = g(2x)
So(gof)(x) = 2x + 2

Clearly, gof is a bijection and has an inverse.
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Let y € Q (co-domain) such that (gof)(x) =y

=22X+2=y

=22X=y-2
y—2

LY = 5

We have (gof)(x) = y = x = (gof)1(y)

But, we found (gof)(x) = y=x = FT‘E

-1 _ }"_—2
Hence, (gof) ™ (y) = =
-1 _ ‘i;?
Thus, (gof) ™ (x) = —
So, it is verified that (gof)1 = flogl.
13. Question

X — ]
— . Show that f is one-

LetA=R- {3} and B =R - {1}. Consider the function f : A— B defined by f(x) =
Xx—3

one and onto and hence find f1.
Answer
We havef: A-»BwhereA=R-{3}andB=R-{1}

Xx—2

f(x) = X—3

First, we will prove that f is one-one.
Let X7, Xo€ A (domain) such that f(x;) = f(xy)

= =

= (X1 - 2)(X5 - 3) = (X1 - 3)(Xx3 - 2)

= X1X2 - 3X1 - 2X3 + 6 = X1X3 - 2X71 - 3X2 + 6
= -3X1 - 2X3 = -2X1 - 3X>»

= -3X1 + 2X1 = 2X3 - 3%y

= -X1 ==X

X1 =X

So, we have f(x1) = f(xp) = X7 = Xo.

Thus, function f is one-one.

Now, we will prove that f is onto.

Let y € B (co-domain) such that f(x) =y

Xx—2
=>x—3_y
(x—3)+1
_ — =
XxX—3

1+ L
= —_— =
— y
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=y—1
ZPX—B y
! 3
=:-y_1—x
=3+ —
=X 1
3y —2
= ]

Clearly, for every y € B, there exists x € A (domain) such that f(x) = y and hence, function f is onto.

Thus, the function f has an inverse.

We have f(x) = y = x = fl(y)

But, we found f(x) = y=x = 11-'_—12

“1(y) = ¥2
Hence, {7 (y) = o1

3x—2

Thus, f(x) is invertible and f~1(x) = .
—

14. Question

Consider the function f : R*—= [-9, =) given by f(x) = 5x2 + 6x - 9. Prove that f is invertible with

f_l(‘r}:qf’54—5}’—3.

4
Answer

We have f : R*- [-9, «) and f(x) = 5x? + 6x - 9.

Recall that a function is invertible only when it is both one-one and onto.

First, we will prove that f is one-one.

Let x1, Xxo€ RT (domain) such that f(x;) = f(x,)
= 5%12 + 6x7 - 9 = 5X52 + 6X5 - 9

= 5%12 + 6X] = 5X52 + 6X3

= 5%12 - 5x52 + 6X7 - 6X, = 0

= 5(X12 - X92) + 6(X7 - X5) = 0

= 5(X7 - X9)(X7 + X3) + 6(X7 -X%X3) =0

= (X1 - X2)[5(x7; + X2) + 6] =0

= X1 - X = 0 (as xq, Xp€ RY)

X1 =X

So, we have f(x1) = f(x3) = X7 = xo.

Thus, function f is one-one.

Now, we will prove that f is onto.

Lety € [-9, ») (co-domain) such that f(x) =y

=>5x2+6x-9=y
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5( +8 9)

X X —=
5 y

6 9 y

+ _ %

=X +ex—g=¢

y+9

+ _Y -

=:‘X 5X 5

Adding 21_ to both sides, we get

2,6, 9 _y+9 9

= oy Ty

X+ extop ="+ o;

3\* (5y+45)+9

(x+—) _oyrE)re
25

(+3)2 5y + 54
“\*75) T s

,3_ [sy+se
R BT

3 /5y +54
SETE T T

J5y+54 3
5 5
J5y +54-3
-

=X=

Clearly, for every y € [-9, »), there exists x € RT (domain) such that f(x) = y and hence, function f is onto.

Thus, the function f has an inverse.
We have f(x) = y = x = fl(y)

But, we found f(x) = y =y _ y/3¥*54-3

b=

Hence, f-1(y) = y5SyHS4-3
3

15. Question

Let f: N - N be a function defined as f(x) = 9x2 + 6x - 5. Show that f : N = S, where S is the range of f, is
invertible. Find the inverse of f and hence find f1(43) and f1(163).

Answer

We have f: N -» N and f(x) = 9x2 + 6x - 5.

We need to prove f: N - S is invertible.

Recall that a function is invertible only when it is both one-one and onto.
First, we will prove that f is one-one.

Let X7, X2€ N (domain) such that f(x7) = f(x3)

= 9x72 + 6X7 -5 = 9x32 + 6X5 - 5

= 9x72 + 6x1 = 9xx2 + 6X3

= 9x72 - 9x52 + 6X1 - 6X5 = 0
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= 9(x12 - X22) + 6(x7 - X3) =0
= 9(X7 - X2)(X7 + X3) + 6(X7 -%3) =0
= (X7 - X2)[9(X7 + x2) + 6] =0
= X1 - X = 0 (as xq, Xp€ RY)
X1 =X
So, we have f(x1) = f(xp) = X7 = Xo.
Thus, function f is one-one.
Now, we will prove that f is onto.
Lety € S (co-domain) such that f(x) =y
=>9x%2 +6x-5= y
Adding 6 to both sides, we get
9% +6x-5+6=y+6
>9x2+6x+1=y+6
>(3Bx+12=y+6
=3x+1=/y+6
=3x=y+6-1

fy+6—1

.
SO =
3

Clearly, for every y € S, there exists x € N (domain) such that f(x) = y and hence, function f is onto.

Thus, the function f has an inverse.

We have f(x) = y = x = fl(y)

But, we found f(x) = y =y _ J/¥*6-1
3

)

Hence, f-1(y) = ¥
3

Thus, f(x) is invertible and f-1(x) = ¥¥*6~
3

Hence, we have

» Vi3 +6—1 V49-1 7-1

vie3+6—-1 169-1 13-1

-1 _
f~*(163) = 3 3 3

Thus, f1(43) = 2 and f1(163) = 4.

16. Question
_ J 4 . . 4x . J 4 i
Letf:R —.] —— 1 = R be a function defined as f(x) = . Show thatf: R —.] —— L > range(f) is one-one
3 3x+4 3

and onto. Hence, find f1,

Answer
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4x
3u+4

We havef: R - [—g}—) Randf(x) =

We need to prove f: R - {— g} - range(f) is invertible.

First, we will prove that f is one-one.
Let X1, X2€ A (domain) such that f(x;) = f(xy)

4%, 4%,
=1 =
3 +4 3x,t+4

= (4x7)(3x5 + 4) = (3x7 + 4)(4x3)
= 12x1Xy + 16Xx7 = 12Xx1X; + 16xy
= 16x; = 16X,

X1 =X

So, we have f(x1) = f(x3) = X7 = xo.
Thus, function f is one-one.

Now, we will prove that f is onto.

Let y € range(f) (co-domain) such that f(x) =y

Ay
“3x+4 7

= 4x = 3xy + 4y
= 4x - 3xy = 4y
= x(4 - 3y) =4y

_ Y
I

Clearly, for every y € range(f), there exists x € A (domain) such that f(x) = y and hence, function f is onto.
Thus, the function f has an inverse.
We have f(x) = y = x = fl(y)

But, we found f(x) = y=x = =
4—-3y

Hence, f~(y) =:—§
-3y

Thus, f(x) is invertible and f~*(x) = —

4—3x

17. Question

X —X
If f: R > (-1, 1) defined byf(x) - ﬁ is invertible, find f1.
10* +107*
Answer
We have f: R > (-1, 1) and f(x) = ii'ig:
+

Given that f1 exists.
Lety e (-1, 1) such that f(x) =y

10— 107%
= T =¥
10%+ 10—%
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1
Xx_ _—
10 10%

=—9 =Y
X
10 + o=

102 —1
:} —
102+ 1

=V

= 102X -1 =y (102 + 1)
=102X-1=10%y +y
=102X-10%y =1+y
=10 (1-y)=1+y
1+y

1-y

Taking log1g on both sides, we get

= 10%* =

1+y)
1-vy
1+y)

= 2xlog,,10 = log,, (1——3!

1+y)
1-¥y
1 1+y)

Elogm (1 —y

We have f(x) = y = x = fl(y)

But, we found f(x) = y=x = —logm (“i)

Hence, f~(y) = ogm(ri)

Thus, £~%(x) = 2log,o (1)

X

18. Question

E—E‘

If f: R - (0, 2) defined byf( _1 is invertible, find f1.

e—e

Answer

We have f: R~ (0, 2) and f(x) = 5" + 1

eXpa X
Given that f1 exists.
Lety € (0, 2) such that f(x) =y

p¥ _ g ¥

ex +e~¥

+1=y

e¥—e ¥ 4+ (eX+o7¥)
g¥ + gx B
2e*
=
gx 4 a—x

=

=Y
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= =¥
e+ o
2%

Ty Y

=2e2X =y (e?X + 1)
=2eX = ey +y
262X _ e2Xy = y
=eX(2-y)=y

2 _ Y

=>E'=2—_y

Taking In on both sides, we get

=
ne n Z—y

= thle=1n( y )
2-y

_ y )
= 2X = 111(2_3’r

We have f(x) = y = x = fl(y)

But, we found f(x) = y=x = ;ln (L)

-y

Hence, f~(y) = ;111 (QL_},)

Thus, f~1(x) = ;111 (i)

19. Question

Let f:[-1, ) = [-1, ) is given by f(x) = (x + 1)2 - 1. Show that f is invertible. Also, find the set S = {x: f(x)
= f1(x)}

Answer

We have f: [-1, ©) > [-1, @) and f(x) = (x + 1) -1

Recall that a function is invertible only when it is both one-one and onto.
First, we will prove that f is one-one.

Let X7, X5€ [-1, ») (domain) such that f(xq) = f(x5)
=>(x;+12-1=(x3+1)2%-1

= (x7 + 1)2 = (x5 + 1)?

2xX2+2x, +1=x°2+2x, + 1

= x12 + 2X7 = %32 + 2%y

= x12 - %22 + 21 - 2x5 = 0

= (X712 - x2) + 2(x7 - X2) = 0
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= (X1 - X2)(X] + X3) + 2(X1-%3) =0

= (X1 - X)Xy + X +2]=0

= X1 - X = 0 (as xq, Xo€ RY)

X1 =X

So, we have f(x1) = f(xp) =2 X7 = Xo.

Thus, function f is one-one.

Now, we will prove that f is onto.

Lety € [-1, =) (co-domain) such that f(x) =y
s(x+1)2-1=y

>(x+12=y+1

=x+1= \,W

~X = \,’m -1

Clearly, for every y € [-1, »), there exists x € [-1, =) (domain) such that f(x) = y and hence, function f is
onto.

Thus, the function f has an inverse.

We have f(x) = y = x = fl(y)

But, we found f(x) =y =x = [y +1—1

Hence, f=i(y) = fy +1—1

Thus, f(x) is invertible and f~1(x) = x + 1 -1

Now, we need to find the values of x for which f(x) = f1(x).
We have f(x) = f1(x)

=>x+1)2-1=vx+1-1

=(x+1)%2=Vx+1

We can write (x 4 1)2 = (Mm}‘b

= (v’x+ 1}4 =vx+1

On substituting t = \/x + 1, we get

th =t
>th-t=0
>t(t3-1)=0

stt-1)(t2+t+1)=0

t2 + t + 1 = 0 because this equation has no real root t.
=>t=0o0rt-1=0

=>t=0o0rt=1

Case-1:t=0
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Case-1l:t=1

= \,"m =1
=>x+1=1
Xx=0

Thus, S = {0, -1}
20. Question

LetA={xeR]|-1=x=1}andletf:A- A, g:A- Abe two functions defined by f(x) = x2 and g(x) = sin
nx/2. Show that g1 exists but f'1 does not exist. Also, find g'L.

Answer

We have f: A—- Awhere A= {xe R|-1=x =1} defined by f(x) = .
Recall that a function is invertible only when it is both one-one and onto.
First, we will check if f is one-one.

Let X1, X2€ A (domain) such that f(x;) = f(xy)

= xq2 = x,2

= x12 - x22 =0

= (X7 -X2)(X] + X2) =0

=xX1-X=00rxg+x=0

SOXp = EXp

So, we have f(x;) = f(xp) =2 X3 = xx,.

This means that two different elements of the domain are mapped to the same element by the function f.
For example, consider f(-1) and f(1).

We have f(-1) = (-1)> = 1 and f(1) = 12 = 1 = f(-1)

Thus, f is not one-one and hence ! doesn’t exist.

Now, let us consider g : A - A defined by g(x) = sin ?

First, we will prove that g is one-one.

Let X1, X2€ A (domain) such that g(x;) = g(xy)

. Ty | TX,
= sin—— = sin——
p 2

TXy

=t= % (in the given range)
X1 =X

So, we have g(x;) = g(x3) = X1 = Xo.
Thus, function g is one-one.

Let y € A (co-domain) such that g(x) =y
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= —=sin"ly

= TXx = 2sin" 'y

2

~ X =—sin™?
™

¥

Clearly, for every y € A, there exists x € A (domain) such that g(x) = y and hence, function g is onto.
Thus, the function g has an inverse.

We have g(x) =y = x = g'(y)

But, we found g(x) =y=x = Esin‘ly
a1
Hence, g~(y) = %sin‘ly
Thus, g(x) is invertible and g1 (x) = Zsin1x
Ll

21. Question

Let f be a function from R to R such that f(x) = cos (x + 2). Is f invertible? Justify your answer.
Answer

We have f: R = R and f(x) = cos (x + 2).

Recall that a function is invertible only when it is both one-one and onto.

First, we will check if f is one-one.

Let X7, Xo€ R (domain) such that f(x;) = f(x5)

= C0S (X1 + 2) = cos (X3 + 2)

As the cosine function repeats itself with a period 2m, we have

X1+2=X+20rxg +2=2n+ (x +2)

S X1 =X Or Xy = 21 + X

So, we have f(x1) = f(xp) = X1 = X3 or 21 + X,

This means that two different elements of the domain are mapped to the same element by the function f.
For example, consider f(0) and f(2m).

We have f(0) = cos (0 + 2) = cos 2 and

f(2m) = cos (2n + 2) = cos 2 = f(0)

Thus, f is not one-one.

Hence, f is not invertible and f'1 does not exist.

22. Question

IfA={1,2,3,4} and B = {a, b, ¢, d}, define any four bijections from A to B. Also, give their inverse
function.

Answer
Given A= {1, 2,3,4} and B = {a, b, ¢, d}.

We need to define bijections fy, f5, f3 and f4 from A to B.
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Consider f; = {(1, a), (2, b), (3, ¢), (4, d)}

(1) f; is one-one because no two elements of the domain are mapped to the same element.
f; is also onto because each element in the co-domain has a pre-image in the domain.
Thus, f; is a bijection from A to B.

We have f;1 = {(a, 1), (b, 2), (c, 3), (d, 4)}

Using similar explanation, we also have the following bijections defined from A to B -

(2) f2 = {(1,b), (2, 0), (3, d), (4, @)}
We have f,"t = {(b, 1), (c, 2), (d, 3), (a, 4)}
(3) f3 = {(1, c), (2, d), (3, a), (4, b)}
We have f31 = {(c, 1), (d, 2), (a, 3), (b, 4)}
(4) fa = {(1, d), (2, a), (3, b), (4, C)}
We have fs 't = {(d, 1), (a, 2), (b, 3), (c, 4)}

23. Question

Let A and B be two sets each with finite number of elements. Assume that there is an injective map from A
to B and that there is an injective map from B to A. Prove that there is a bijection from A to B.

Answer

Given A and B are two finite sets. There are injective maps from both A to B and B to A.

Let f be the injective map defined from A to B.

Thus, we have f is one-one.

We also know that there is a one-one mapping from B to A.

This means that each element of B is mapped to a distinct element of A.

But, B is the co-domain of f and A is the domain of f.

So, every element of the co-domain of the function f has a pre-image in the domain of the function f.
Thus, f is also onto.

Therefore, f is a bijection as it is both one-one and onto.

Hence, there exists a bijection defined from A to B.

24. Question

Iff: A= Aand g:A- A are two bijections, then prove that

(i) fog is an injection

(ii) fog is a surjection

Answer

Givenf: A= Aand g: A—- A are two bijections. So, both f and g are one-one and onto functions.
We know (fog)(x) = f(g(x))

Thus, fog is also defined from A to A.

(i) First, we will prove that fog is an interjection.

Let X7, Xp€ A (domain) such that (fog)(x;) = (fog)(x5)

Get More Learning Materials Here : & m @\ www.studentbro.in



= f(g(xq1)) = f(g(xz))

= g(xq1) = g(xy) [since f is one-one]

" X7 = Xy [since g is one-one]

So, we have (fog)(x1) = (fog)(xz) = x3 = Xa.

Thus, function fog is an interjection.

(ii) Now, we will prove that fog is a surjection.

Let z € A, the co-domain of fog.

As f is onto, we have y € A (domain of f) such that f(y) = z.

However, as g is also onto and y belongs to the co-domain of g, we have xe A (domain of g) such that g(x) =
y.

Hence, (fog)(x) = f(g(x)) = f(y) = z.

Here, x belongs to the domain of fog (A) and z belongs to the co-domain of fog (A).
Thus, function fog is a surjection.

Very short answer

1. Question

Which one of the following graphs represent a function?

Answer

(a) It have unique image therefore a function
(b) It have more than one image

2. Question

Which one of the following graphs represent a one-one function?

Answer
Formula:-

(i) A function f: A — B is one-one function or an injection if

f(x)=f(y)
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= x=y forallx,y € A

or f(x)=f(y)

=>xzy forallx,y €A

(a) It is not one-one function as it has same image on x axis
(b) It is one-one function s it have unique image

3. Question

If A={1, 2,3} and B = {a, b}, write total number of functions from A to B.

Answer

Formula:-if A and B are two non-empty finite sets containing m and n

(i) Number of function from Ato B = nM

n I
(ii) Number of one-one function from A to B= {Cm' m!,ifn = m

0,ifn<m

n',ifm=n

(iii) Number of one-one and onto function from A to B= [ .
0,ifm #n

(iv) Number of onto function from A to B=y'2 (—1)®*CE:r™,ifm =n
given: -

A={1,2,3}and B = {a, b}

n(A)=3, and n(B)=2

total number of functions=23=8

4. Question

If A= {a, b, c}and B ={-2,-1,0, 1, 2}, write total number of one-one functions from A to B.

Answer

Formula:-

(I)A function f- A — B is one-one function or an injection if
f(x)=f(y)

=>x=y forallx,y € A

or f(x)=f(y)

=>xxy forall x,y €A

(INif A and B are two non-empty finite sets containing m and n
(i) Number of function from Ato B = n™

n I
(ii) Number of one-one function from A to B= {Cm' m!,ifn = m

0,ifn<m

n'ifm=n

(iii) Number of one-one and onto function from A to B= { .
0,ifm = n

(iv) Number of onto function from A to B= n(—1)*TCErmifm=n
Let f: A-»B be one-one function
F(a)=3 and f(B)=5

Using formula
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. CE:.mlifn=m
Number of one-one function from A to B= [ m

0,ifn < m

— 3C5.5!=60

5. Question

Write total number of one-one functions from set A = {1, 2, 3,4} tosetB = {a, b c}.
Answer

Formula:-

(I) A function f: A — B is one-one function or an injection if
f(x)=f(y)

= x=y forallx,y € A

or f(x)=f(y)

=xzy forall x,y € A

(INif A and B are two non-empty finite sets containing m and n
(i) Number of function from A to B = n™

. ) n I j =
(ii) Number of one-one function from A to B= {Cm' m’,ifn =m

0,ifn<m

n'ifm=n

(iii) Number of one-one and onto function from A to B= { .
0,ifm #n

(iv) Number of onto function from A to B=yr  (—1)* 7 CcPr™ifm=n
F(A)=4 and f(B)=3
Using formula

. CE:.mlifn=m
Number of one-one function from A to B= [ m

0,ifn < m
Number of one-one function from A to B=0

6. Question

If f: R— R is defined by f(x) = x2, write f1(25).

Answer

Formula:-

(i)A function f: X » Y is defined to be invertible, if there exists a functiong: Y = X

such that gof =l and fog = I,. The function g is called the inverse of f and is denoted by f1
f(x)=y

= fHy)=x

= x?=25

= X=-5,5

= f1(25) ={-5,5}

7. Question

If f : C - C is defined by f(x) = x2, write f"1(-4). Here, C denotes the set of all complex numbers.
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Answer

Formula:-

(i)A function f: X » Y is defined to be invertible, if there exists a functiong: Y = X

such that gof =I, and fog = I, .The function g is called the inverse of f and is denoted by f1
f(x)=y

= fl(y)=x

= f(x)=-4

= X2=-

= X=2i,-2i

8. Question

If f: R = R is given by f(x) = x3, write f1(1).

Answer

Formula:-

(i)A function f: X » Y is defined to be invertible, if there exists a functiong: Y = X

such that gof =l and fog = I,. The function g is called the inverse of f and is denoted by f1
f(x)=y

= fl{y)=x

= f1(1) =x

= f(x)=1

= x3=1

= x3-1=0

= (x-1) (x*+x+1)=0

= X=1

9. Question

Let C denote the set of all complex numbers. A function f : C— C is defined by f(x) = x3.
Write f1(1).

Answer

Formula:-

(i)A function f: X » Y is defined to be invertible, if there exists a functiong: Y = X

such that gof =l and fog = I,. The function g is called the inverse of f and is denoted by f1

f(x)=y

= fl(y)=x
= f1(1) =x
= f(x)=1
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= X3=1

= X3-1=0
= (x-1) (x2+x+1)=0
— x=1, w,w?

10. Question

Let f be a function from C (set of all complex numbers) to itself given by f(x) = x3. Write f1(-1).
Answer

Formula:-

(i)A function f: X » Y is defined to be invertible, if there exists a functiong: Y - X

such that gof =l and fog = I, .The function g is called the inverse of f and is denoted by f1
f(x)=y

= f(y)=x

= f(x)=-1

= f1(-1)=x

= x3=-1

= x3+1=0

= (x+1)(x?-x+1)=0

= x=-1,-w,-w?

11. Question

Let f: R = R be defined by f(x) = x*, write f1(1).
Answer

Formula:-

(i)A function f : X = Y is defined to be invertible, if there exists a functiong: Y -» X
such that gof =I, and fog = I, .The function g is called the inverse of f and is denoted by f1
f(x)=y

= fl(y)=x

= f(x)=1

= f1(1)=x

= x*=1

= x*1=0

= (x-1)(x*+1)=0

= x=-1,1

= fH(1)={-1,1}

12. Question
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If f : C > C is defined by f(x) = x4, f1(1).

Answer

Formula:-

(i)A function f : X = Y is defined to be invertible, if there exists a functiong: Y -» X
such that gof =I, and fog = I, .The function g is called the inverse of f and is denoted by f1
f(x)=y

= fl(y)=x

= f(x)=1

= f1(1)=x

= x4=1

= x*1=0

= (x-1)(x*+1)=0

= X=-1,1,i,-i

= f1(1)={-1,-,1,i}

13. Question

If f :R—R is defined by f(x) = x?, f"1(-25).

Answer

Formula:-

(i)A function f : X - Y is defined to be invertible, if there exists a functiong: Y -» X

such that gof =I, and fog = I, .The function g is called the inverse of f and is denoted by f1
f(x)=y

= fl(y)=x

= Xx2=-25

but x should be Real number

f1(-25)=0

14. Question

If f: C > Cis defined by f(x) = (x - 2)3, write f1(-1).

Answer

Formula:-

(i)A function f : X = Y is defined to be invertible, if there exists a functiong:Y - X

such that gof =l and fog = I, .The function g is called the inverse of f and is denoted by f1
f(x)=y

f(y)=x

= (x-2)3=-1

— X-2=-1,x-2=w and x-2=-w?
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= x=1,-w+2,2-w?

= f1(25)={ 1,2-w,2-w?}

15. Question

If f :R—>R is defined by f(x) = 10x -7, then write f1(x).
Answer

Formula:-

(i)A function f : X - Y is defined to be invertible, if there exists a functiong:Y -» X

such that gof =I, and fog = I, .The function g is called the inverse of f and is denoted by f1

fL(x)=y
= f(y)=x
= 10y-7=x
- _x+7
Y="10
X+7
= f(x)= 10

16. Question

T
. _J — R be a function defined by f(x) = cos[x]. Write range (f).
A

Let f:

o | A

Answer
Given:-

(i) £ (=32
(ii)f(x)=cos[x]

Domain== —

T
E:

ra | A

For f(x)= cos [x]

Range ={1,cosl,cos2}

17. Question

If f : R - R defined by f(x) = 3x - 4 is invertible then write f"1(x).

Answer

Given:- (i) f: R->R

(i) f(x)=3x-4

Formula:-

(i)A function f : X = Y is defined to be invertible, if there exists a functiong:Y -» X
such that gof =l and fog = I, .The function g is called the inverse of f and is denoted by f1
For f-1(x)=y

= f(y)=x

= 3y - 4 =X
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x+4
= y= 3

X+ 4
3

18. Question

= f1l(x)=

If f: R>R, g:R-Raregiven by f(x) = (x + 1)2 and g(x) = x2 + 1, then write the value of fog (-3).
Answer

Formula:-

(I)Let f: A—»B and g : B—C be two functions.

Then, the composition of f andg, denoted by g o f, is defined as the function g o f: A=C
given by g o f (x) = g (f (x))

Given:-

(i)f:R->R

(ig:R=R

(iii) f(x) = (x + 1)

(iv) g(x) = x* + 1

fog(-3)=f(g(-3))

— fog(-3)=f((-3)2+1)

= fog(-3)=f(10)

= fog(-3)=(10+1)2

= fog(-3)=121

19. Question

LetA={xeR:-4=x=x=4andx=0}andf:A->R be defined by f(x)= ﬂ Write the range of f.
X

Answer

Given:-

(DA = {(xeR:-4 <= x < x < 4andx = 0}
(if: A-R

(iiD)f(x) = &

For f(x) = %
Range ={-1,1}

20. Question

Let f: [— : | — A be defined by f(x) = sinx. If fis a bijection, write set A.

2] A
2| A

Answer

Formula:-
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(i)A function f- A — B is a bijection if it is one-one as well as onto
(ii)A function f- o — B is onto function or surjection if

Range (f)=co-domain(f)

Given:-
(I)f: (—g,g)
(ii)f(x)=sinx

(ii) f is bijection
For f(x)=sinx
Codomain =range
Set A=[-1,1]
21. Question
Let f : R » Rt be defined by f(x) = a%, a > 0 and a = 1. Write f1(x).
Answer
Given:-
()f: R=R*
(iff(x) =a*,a>0anda =1
Let
fly)=x
a¥=x
= y=log,x
= 1 (x)= log,x
22. Question
Let f: R - {-1} - R - {1} be given by f(x)=——_ Write f}(x).
x+1
Answer
Given:-
()f : R-{-1} » R - {1}
(iNf(x) = ﬁ
F(y)=x
¥

=X
v+1
= Y=Xy+X

X

= =
y 1—x
X
= 1=
1—x

23. Question
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-

Let f ‘R _J._

]

.

|t

} — R be a function defined as f(x) =
5x +3

Answer
Formula:-

(i)A function f : X - Y is defined to be invertible, if there exists a functiong: Y -» X
such that gof =I, and fog = I, .The function g is called the inverse of f and is denoted by f1

Given:-

(i)f:R—{—g}%R

. 2X
(D) =573
F(y)=x

2y B
~ 5x+3

= 2Y-3X-5xy=0
3x
T2-5x
3x
2—5x
24. Question

=Y

= (x)=

Let f: R > R, g : R = R be two functions defined by f(x) = x2 + x + 1 and g(x) = 1 - ¥. Write fog(-2).
Answer

Formula :- (I)Let f : A—~B and g : B—C be two functions.

Then, the composition of f and g, denoted by g o f, is defined as the functiong o f: A=C
given by g o f (x) = g (f (x))

Given:-

(iIff:R->R

(iilg: R>R

(i) fx) = x>+ x + 1

(iv)g(x) = 1 - X

Fog(-2)=f(g(-2))

= Fog(-2)=f(1-(-2)?)

= Fog(-2)=f(-3)

— Fog(-2)=(-3)%-3+1=7

25. Question

-

Let f: R >R be defined as £(x) = —~_> Write fof-1(1).
4

Answer
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Formula:-

(i)A function f : X - Y is defined to be invertible, if there exists a functiong: Y -» X

such that gof =I, and fog = I, .The function g is called the inverse of f and is denoted by f1
(IlLet f: A—=B and g : B—C be two functions.

Then, the composition of f and g, denoted by g o f, is defined as the functiong o f: A=C

given by g o f (x) = g (f (x))

Given:-
(i)f : R=R
2x—3

(i) f(x) = 2

F(y)=x
2y—3

= =g =X

= 2y-3-4x=0

S oo 4+ 3
y=72

Now

= fof (1) = f(g)

= fof 1(1) = = 1

26. Question

Let f be an invertible real function. Write (f"! of) (1) + (! of) (2) + ... +(f' of) (100).
Answer

Formula:-

(i)A function f : X = Y is defined to be invertible, if there exists a functiong: Y -» X

such that gof =I, and fog = I, .The function g is called the inverse of f and is denoted by f1
(Il)Let f : A—=B and g : B—C be two functions.

Then, the composition of f and g, denoted by g o f, is defined as the function g o f: A=C
given by g o f (x) = g (f (x))

Given:-

(i)f be an invertible real function

(f1 of) (1) + (fL of) (2) + ... +(f! of) (100)

=14+24+3+......... +100

100(100 + 1)
-—=

27. Question

5050

Let A= {1, 2, 3,4} and B = {a, b} be two sets. Write total number of onto functions from A to B.

Answer
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Formula:-

(I)A function f: A — B is onto function or surjection if

Range (f)=co-domain(f)

(INif A and B are two non-empty finite sets containing m and n
(i) Number of function from Ato B = nM

. , n I j =
(ii) Number of one-one function from A to B= {Cm' m!,ifn = m

0,ifn<m

n'ifm=n

(iii) Number of one-one and onto function from A to B= { .
0,ifm #n

(iv) Number of onto function from Ato B=y'  (—1)® " C2:r™ifm=n
Given:-

(hA=1{1,2,3,4}=4

(ii)B = {a, b}=2

Using formula (iv)

Number of onto function from Ato B=y (—1)"*CEr™,ifm =n

Where m=4,n=2

D (CDPTER ™ = (-2 G+ (DG )*

=-2+16=14

28. Question

Write the domain of the real function f(x) =[x — [}x}

Answer

f(x) = \,’x——[x] where x is for all real number
Then,

domain=R

129. Question

Write the domain of the real function f(x) = [X] —-x .

Answer

f(x) = \fm where x is not for real number
Domain=g

30. Question

1

JX[-x

Write the domain of the real function f(x)=

Answer
1

f(x) = ——
. x| —x
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When x<0 negative

1 1

Jixl-x V—x-—x

1

V—2X

When x>0

1 1

JIxl-x Vx—x

Domain=(—oo, 0)
31. Question

Write whether f: R = R given by f(x)=x+1 J'XZ is one-one, many-one, onto or into.

Answer

(I)A function f: A — B is one-one function or an injection if
f(x)=f(y)= x=y for all x,yeA

or f(x)=f(y)= xzy for all x,yeA

(I1) A function - A — B is onto function or surjection if
Range (f)=co-domain(f)

(1) A function f- A4 — B is not onto function, then

f- A — A is always an onto function

Given:-

(iIff:R->R

(iDf(x) = x + Vx2

f(x) = x + /x2
=X * X
=0, 2x

Now putting x=0

F(0)=0+4/02=0

Again putting x=-1

F(-1)=—1++/-12=0

Hence f is many one

32. Question

If f(x) = x + 7 and g(x) = x - 7, xe R, write fog(7).
Answer

Formula:-

(i)Let f: A=B and g : B=C be two functions.

Then, the composition of f and g, denoted by g o f, is defined as the function g o f: A=C
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given by g o f (x) = g (f (x))
Given:-

(f(x) =x+7

(ig(x) =x-7,xe R
Fog(7)=F(g(7))

= Fog(7)=f(7-7)

= Fog(7)=f(0)

= Fog(7)=0+7

= Fog(7)=7

33. Question

What is the range of the function f(x) = M‘?
x—1
Answer
|x—1]
f P
) =—"—7
=+]

Range of f={-1,1}

34. Question

If f : R » R be defined by f(x) = (3 - x3)1/3, then find fof(x).

Answer

Formula:-

(i)Let f: AB and g : B-C be two functions.

Then, the composition of f and g, denoted by g o f, is defined as the function g o f: A=C
given by g o f (x) = g (f (x))

Given:-

(f:R-=R

(i) f(x) = (3 — x2)3
Fof(x)=f(f(x))

= fof(x) = £((3 — x?)3)
= fof(x) = (3 — (3—x3 ))%

= fof(x) = (xg)é =x

35. Question

If f: R—> R is defined by f(x) = 3x + 2, find f(f (x)).
Answer

Given:-

(iff:R->R
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F(f(x))=f(3x+2)

= F(f(x))=3(3x+2)+2
= F(f(x))=9x+8

36. Question

LetA={1,2,3},B={4,5,6,7}andlet f = {(1, 4), (2, 5), (3, 6)} be a function from A to B. State whether f
is one-one or not.

Answer

Given:-

(i) A= {1, 2, 3}

(i)B={4,5,6,7}

(iii) f = {(1, 4), (2, 5), (3, 6)}

each element has a unigue image

hence ,f is one-one

37. Question

Iff: {5 6}—>{2,3}Yandg: {2,3}- {5, 6} aregiven by f = {(5, 2), (6, 3)} and g = {(2, 5), (3, 6)}, find fog.
Answer

Formula:-

(i)Let f: AsB and g : B-C be two functions.

Then, the composition of f and g, denoted by g o f, is defined as the functiong o f: A=C
given by g o f (x) = g (f (x))

Given:-

(iyf: {5, 6} - {2, 3}

(ii)g:4{2,3}-{5,6}

(iv) f = {(5, 2), (6, 3)}

(v) g ={(2,5), (3, 6)}

for fog(2)=f(g(2))

= fog(2)=f(5)

= fog(2)=2

38. Question

Let f: R = R be the function defined by f(x) = 4x - 3 for all x € R. Then write f1.
Answer

Formula:-

(i)A function f : X = Y is defined to be invertible, if there exists a functiong:Y - X
such that gof =l and fog = I, .The function g is called the inverse of f and is denoted by f1
Given:-

(i)f:R>R

(ii) f(x) = 4x - 3 for all x e R.
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f(x)=y

= 4Xx-3=y
yv+3

= X= 2

yv+3

£t (y)ZX:T

X+3
4

39. Question

f(x) =

Which one the following relations on A = {1, 2, 3} is a function?

f={(1,3), (2, 3),(3,2)}, g ={(1, 2), (1, 3), (3, 1)}.

Answer

Given:-

(i) A= {1, 2, 3}

(inf = {(1, 3), (2, 3), (3, 2)}

(iig = {(1, 2), (1, 3), (3, 1)}.

In case of set A and f

Every element in A has a unique image in f
So, fis a function

In case of set Aand g

Only one element has image in g
So, g is not a function

40. Question

Write the domain of the real function f defined by f(x)= RES _ XE _

Answer

f(x) = /25 — x2
= 25-x? =0

= -(x+5)(x-5)=0
= (x+5)(x-5)=0
= Xx<-50r5
Domain = [-5,5]

41. Question

Let A= {a, b,c,d} and f: A- A be given by f = {(a, b), (b, d), (c, a), (d, c)}, write f1,

Answer

Formula:-

(i)A function f : X = Y is defined to be invertible, if there exists a functiong: Y -» X

such that gof =l and fog = I, .The function g is called the inverse of f and is denoted by f1
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(ii)A function f- o — B is onto function or surjection if
Range (f)=co-domain(f)

Given:-

(DA ={a, b, c, d}

(i)f: A=A

(iii)f = {(a, b), (b, d), (¢, @), (d, )}

f is one-one since each element of A is assigned to distinct element of the set A. Also, f is onto since f (A) =
A.

f1={(b, a), (d, b), (a, ©), (c, d)}.

42. Question

Let f, g : R = R be defined by f(x) = 2x + 1 and g(x) = x2 - 2 for all x € R, respectively. Then, find gof.
Answer

Formula:-

(i)Let f: AB and g : BC be two functions.

Then, the composition of f and g, denoted by g o f, is defined as the function g o f: A=C
given by g o f (x) = g (f (x))

Given:-

()f,g:R=>R

(ii)f(x) =2x + 1

(ihg(x) = x2 - 2 forall x e R

gof(x)=g(f(x))

= gof(x)=9g(2x+1)

= gof(x)=(2x+1)2-2

— gof(x)=4x2+4x-1

43. Question

If the mapping f: {1, 3,4}-> {1, 2,5}and g: {1, 2, 5}- {1, 3}, given by
f={(1,2),(3,5), (4, 1)} and g = {(2, 3), (5, 1), (1, 3), write fog.

Answer

Formula:-

(i)Let f: A=B and g : B=C be two functions.

Then, the composition of f and g, denoted by g o f, is defined as the function g o f: A=C
given by g o f (x) = g (f (x))

Given:-

(if: {1, 3,4} - {1, 2,5}

(ig: {1,2,5}- {1, 3}

(iii)f = {(1, 2), (3, 5), (4, 1)}

(ivig = {(2, 3), (5, 1), (1, 3)
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fog(1)=Ff(g(1))=Ff(3)=5

fog(2)=f(g(2))=f(3)=5

fog(5)=F(g(5))=F(1)=2

= fog={(1,5)(2,5)(5,2)}

44. Question

If a function g = {(1, 1), (2, 3), (3, 5), (4, 7)} is described by g(x) = ax + B, find the values of a and B.
Answer

Given:-

(i)g={(1, 1), (2, 3), (3, 5), (4, 7)}

(iDg(x) =ox + B

For x=1 and ax + B

g(1)=a(1)+ B=1

= a+ B=1

For x=2

9(2)=a(2)- B=3

= 20- B=3

Similarly with g(3) and g(4)

Using above value

a=2

B=1

45. Question

If f(x) = 4 - (x - 7)3, write f1(x).

Answer

Formula:-

(i)A function f : X - Y is defined to be invertible, if there exists a functiong: Y -» X
such that gof =I, and fog = I, .The function g is called the inverse of f and is denoted by f1
Given:-

(i) f(x) =4 - (x - 7)3

Let f(x)=y

y=4-(x-7)3"

x=7+34-y

flx)=7+V4—x

MCQ

1. Question

Mark the correct alternative in each of the following:

letA={xeR:-l=x=<1}=BandC={xeR:X=0}andletS={(x,y)e AxB:x2+y2=1}and Sy =
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{(x,y) e Ax C:x%2+y2 =1} Then
A. S defines a function from A to B
B. Sy defines a function from A to C
C. Sg defines a function from Ato B
D. S defines a function from Ato C
Answer

Given that
A={xeR:-1=x=1}=8B
C={xeR: X=0}

S={(x,y)e AXxB:x2+y2=1}
So={(x,y)e Ax C:x2 +y2=1}
X2 +y? =

Sy2 =1-x2

=¥ =-\,'1—X2

L yeB
Hence, S defines a function from A to B.
2. Question

Mark the correct alternative in each of the following:

f: R =» R given by f(x)= X_\/;is

A. injective B. surjective

C. bijective D. none of these

Answer

Given function is f: R = R given

f(x) = x + Vx?

For this function if we take x = 2,

f(x)=2+v4

= f(x) =2

For this function if we take x = -2,

f(x) =-2+v4

=f(x)=0

So, in general for every negative x, f(x) will be always 0. There is no x € R for which f(x) € (-», 0).
Hence, it is neither injective nor surjective and so it is not bijective either.
3. Question

Mark the correct alternative in each of the following:

If f : A - B given by 3fX) + 2-X = 4 is a bijection, then

A A={xeR:-1<x<w},B={xeR:2<x<4}
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BA={xeR:-3<x<w},B={xeR:0<x<4}
C.A={xeR:-2<x<x},B={xeR:0<x<4}
D. none of these

Answer

Given that f: A - B given by 3fX) 4+ 2-X = 4 s a bijection.
30 4 2x =4

= 3f(x) = 4 - 2%

=24-2%X=0

=>X=-2

So, X € (-2, )

But, for x =0, f(x) = 1.

Hence, the correct option is none of these.

4. Question

Mark the correct alternative in each of the following:
The function f : R - R defined by f(x) = 2¥ + 2/Xl s
A. one-one and onto

B. many-one and onto

C. one-one and into

D. many-one and into

Answer

Given that f: R » R where f(x) = 2X + 2/Xl

Here, for each value of x we will get different value of f(x).
So, it is one-one.

Also, f(x) is always positive for x € R.

There is no x € R for which f(x) € (-«, 0).

So, it is into.

Hence, the given function is one-one and into.

5. Question

Mark the correct alternative in each of the following:

X+a

Let the function f: R - {-b} > R - {1} be defined by f(x)=
+b

_a = h.then

i

A. f is one-one but not onto
B. f is onto but not one-one
C. f is both one-one and onto

D. none of these
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Answer
Given thatf: R- {-b} > R - {1} where

X+ a

_— b,a:,tb.

f(x) =

Here, f(x) = f(y) only when x=y.

Hence, it is one-one.

Now, f(x) =y
X+ a

= =
x+ b y

=>X+a=y(x+Db)
=>Xx-yx=yb-a

yb — a

= X = s
1-y

vy=1

So,xe R-{1}

Hence, it is onto.

6. Question

Mark the correct alternative in each of the following:

The function f : A —» B defined by f(x) = -x2 +6x-8isa bijection, if
A. A= (-»,5]and B = (-», 1]

B.A=[-3, »]and B = (-», 1]

C.A=(-»,3]land B =[1, =)

D.A=[3, »)and B =[1, «)

Answer

Given that f: A -» B defined by f(x) = -x? + 6x - 8 is a bijection.
f(x) = -x2 + 6x - 8

= f(x) = -(x? - 6x + 8)

=f(x)=-(x2-6x+8+1-1)

=f(x) =-(x2-6x+9-1)

= f(x) = - [(x - 3)2- 1]

Hence, x € (-», 5] and f(x) € (-, 1]

7. Question

Mark the correct alternative in each of the following:

Let A= {xeR:-1=x =1} =B. Then, the mapping f: A- B given by f(x) = x |x]| is
A. injective but not surjective

B. surjective but not injective

C. bijective

D. none of these

Answer
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Given that A= {xe€ R: -1 = x = 1} = B. Then, the mapping f: A= B given by f(x) = x |x|.
For x <0, f(x) <0

=2y = -x2

= X = v-y, which is not possible for x > 0.
Hence, f is one-one and onto.

. the given function is bijective.

8. Question

Mark the correct alternative in each of the following:

Let f: R = R be given by f(x) = [x]? + [x + 1]-3, where [x] denotes the greatest integer less than or equal to
x. Then, f(x) is

A. many-one and onto

B. many-one and into

C. one-one and into

D. one-one and onto

Answer

Given that f: R -» R be given by f(x) = [x]2 + [x + 1] - 3

As [x] is the greatest integer so for different values of x, we will get same value of f(x).
[x]%2 + [x + 1] will always be an integer.

So, f is many-one.

Similarly, in this function co domain is mapped with at most one element of domain because for every x € R,
f(x) € Z.

So, fis into.
9. Question
Mark the correct alternative in each of the following:

Let M be the set of all 2 X 2 matrices with entries from the set R of real numbers. Then the functionf: M- R
defined by f(A) = |A| for every Ae M, is

A. one-one and onto

B. neither one-one nor onto
C. one-one not one-one

D. onto but not one-one
Answer

Given that M is the set of all 2 x 2 matrices with entries from the set R of real numbers. Then the function f:
M - R defined by f(A) = |A| for every Ae M.

If f(a) =f(b)

= la| = |b|

But this does not mean that a=b.
So, f is not one-one.

As a # b but |a|=|b|

So, f is onto.

Get More Learning Materials Here : & m @\ www.studentbro.in



10. Question

Mark the correct alternative in each of the following:

The function f: [0, ») - R given by f(x) f(x)=

X +1
A. one-one and onto
B. one-one but not onto
C. onto but not one-one
D. neither one-one nor onto

Answer

Given that f: [0, ©) - R where f(x) = Ll
X+

Let f(x) = f(y)

X y
=1 =
x+1 yv+1

=S>Xy +X=Xy+Yy
:X=y
So, f is one-one.

Now, y = f(x)

X
x4+ 1

=Yy
=Xy +y=X
=y =x-Xy

Y
= — =
1-y

X
Here, y=1i.e. ye R.

So, f is not onto.

11. Question

Mark the correct alternative in each of the following:
The range of the function f(x) = /%P, _3 is

A. {1, 2, 3,4,5}

B.{1,2,3,4,5, 6}

C. {1, 2, 3,4}

D. {1, 2, 3}

Answer

Given that f(x) = 7%P,_3

Here, 7-x = x-3

=10 = 2x

=5=x

So, domain = {3, 4,5}
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Range = {*Pq, 3Py, 2Py} = {1, 3, 2}
12. Question
Mark the correct alternative in each of the following:

A function f from the set on natural numbers to integers defined by

{E when n is odd
f(m)y=, ~ s
n

-7 when n is even

L a—

A. neither one-one nor onto

B. one-one but not onto

C. onto but not one-one

D. one-one and onto both

Answer

Given that a function f from the set on natural numbers to integers where

n—1

,when n is odd

f(n) = 4

?, when n is even

For n is odd
Let f(n) = f(m)

n-1 m-—1
2 2

=

>n=m
For n is even
Let f(n) = f(m)

—n —m
= —=—

2 2
=>n=m
So, fis one-one.
Also, each element of y is associated with at least one element of x, so f is onto.
Hence, f is one-one and onto.
13. Question
Mark the correct alternative in each of the following:

Let f be an injective map with domain {x, y, z} and range {1, 2, 3} such that exactly one of the following
statements is correct and the remaining are false.

f(x) =1, fy) = 1, f(z) = 2.
The value of f1(1) is

A. X

B.y
C.z
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D. none of these

Answer

Given that f is an injective map with domain {x, y, z} and range {1, 2, 3}.
Case-1

Let us assume that f(x) =1 is true and f(y) = 1, f(z) # 2 is false.

Then f(x) = 1, f(y) = 1 and f(z) = 2.

This violates the injectivity of f because it is one-one.

Case-2

Let us assume that f(y) #1 is true and f(x)= 1, f(z) # 2 is false.

Then f(x) = 1, f(y) # 1 and f(z) = 2.

This means there is no pre image of 1 which contradicts the fact that the range of fis {1, 2, 3}.

Case-3

Let us assume that f(z) #2 is true and f(x)= 1, f(y) # 1 is false.
Then f(z) = 2, f(y) = 1 and f(x) =1.

=f1l1) =y

14. Question

Mark the correct alternative in each of the following:
Which of the following functions from Z to itself are bijections?
A f(x) = x3

B. f(x) =x+ 2

C.f(x) =2x+1

D. f(x) = x2 + x

Answer

a. f(x) = x3

= For no value of x € Z, f(x) = 2.

Hence, it is not bijection.

b. f(x) =x+ 2

If f(x) = f(y)

2X+2=y+2

SX=y

So, f is one-one.

Also,y =x + 2

=>2X=y-2€Z

So, fis onto.

Hence, this function is bijection.

c.f(x) =2x + 1

If f(x) = f(y)
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22x+1=2y+1
2X=Yy

So, f is one-one.
Also,y =2x + 1

=22x=y-1

So, fis into because x can never be odd for any value of y.
d. f(x) = x2 + x

For this function if we take x = 2,

f(x) =4+ 2

=>f(x)=6

For this function if we take x = -2,

f(x) =4-2

=f(x) =2

So, in general for every negative x, f(x) will be always 0. There is no x € R for which f(x) € (-», 0).
It is not bijection.

15. Question

Mark the correct alternative in each of the following:

Which of the following functions from A = {x : -1 = x = 1} to itself are bijections?

A f(x)=

bd |

B. g(x) = sin(?)

C. h(x) = |x]|
D. k(x) = x2
Answer

GiventhatA={x:-1=x=<1}

a. f(x) = g

It is one-one but not onto.

b. g(x) = sin(?)

It is bijective as it is one-one and onto with range [-1, 1].
c. h(x) = |x|

It is not one-one because h(-1)=1 and h(1)=1.

d. k(x) = ¥

It is not one-one because k(-1)=1 and k(1)=1.

16. Question

Mark the correct alternative in each of the following:
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LetA={x:-1=x=1} and f: A- A such that f(x) = x |x|, then f is
A. a bijection

B. injective but not surjective

C. surjective but not injective

D. neither injective nor surjective

Answer

Given that A = {x: -1 = x = 1} and f: A- A such that f(x) = x |x].
For x <0, f(x) <0

=2y = -x2

= x = v-y, which is not possible for x > 0.
Hence, f is one-one and onto.

. the given function is bijective.

17. Question

Mark the correct alternative in each of the following:

pl

If the function f: R > A given by f(x)= is a surjection, then A =

bl

X~ +1
A.R
B. [0, 1]
C. (0, 1]
D. [0, 1)

Answer

Given that f: R - A such that f(x) = :2 is a surjection.
x=+1

f(x) =y

X2

Tx2+ 1

=y
>y(x2 + 1) =x2
syx2+y=x

> yxZ-x2=-y

v
1-y

Here, Y =0
1-y

So,ye [0, 1)
18. Question

Mark the correct alternative in each of the following:
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If a function f : [2, ©) » B defined by f(x) = x? - 4x + 5 is a bijection, then B =
A.R

B. [1, =)

C.[4, »)

D. [5, «)

Answer

Given that a function f: [2, ») = B defined by f(x) = x2-4x +5is a bijection.
Put x = 2 in f(x),

f(x) =22-4x2+5

=>f(x=2)=4-8+5

=f(x=2)=1

So, B e [1, o)

19. Question

Mark the correct alternative in each of the following:

The function f: R » R defined by f(x) = (x - 1) (x - 2) (x - 3) is
A. one-one but not onto

B. onto but not one-one

C. both one and onto

D. neither one-one nor onto

Answer

Given that function f: R—» R where f(x) = (x - 1) (x - 2) (x - 3)
If f(x) = f(y)

Then

(x-1)(x-2)(x-3)=(y-1)(y-2)(y-3)

=f(1) =f(2) =f(3) =0

So, f is not one-one.

y = f(x)

"X € RalsoyeRsofisonto.

20. Question

Mark the correct alternative in each of the following:

The function f : [-1/2, 1/2] - [1/2, /2] defined by f(x) = sin™! (3x - 4x3) is
A. bijection

B. injection but not a surjection

C. surjection but not an injection

D. neither an injection nor a surjection

Answer

Given that f : [-1/2, 1/2]1 - [/2, /2] where f(x) = sin"1 (3x - 4x3)

Get More Learning Materials Here : & m

@ﬁ, www.studentbro.in



Put x = sin@ in f(x) = sin"! (3x - 4x3)
= f(x=sinB) = sin"1 (3sind - 4sinB3)
= f(x) = sin! (sin30)

= f(x) = 36

= f(x) = 3 sin"1x

If f(x) = f(y)

Then

3 sin"lx = 3 sin'ly

Sx=y

So, fis one-one.

y = 3 sinlx

= X = sinz
3

"X € Ralsoye Rsofisonto.
Hence, f is bijection.
21. Question
Mark the correct alternative in each of the following:
x —x
Let f: R - R be a function defined by f(x) = ex_—e_.Then,

et +e™

A. f is a bijection

B. f is an injection only

C. fis surjection on only

D. f is neither an injection nor a surjection
Answer

Given that f: R » R is a function defined as

el — g~

f(x) = ex + e

Here, el*l is always positive whether x is negative or positive. So, we will get same values of f(x) for different
values of x.

Hence, it is not one-one and onto.
-~ fis neither an injection nor a surjection
22. Question

Mark the correct alternative in each of the following:

Xx—1m

Let f: R -{n} —» R be a function defined by f(x) = _where m # n. Then,

X—n
A. f is one-one onto
B. f is one-one into

C. fis many one onto
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D. fis many one into
Answer

Given thatf: R -{n} - R where

X

flx) = suchthatm #n

x—n’
Let f(x) = f(y)

X—m y—m

X—Nn y-n
= (x-m)(y-n)=(x-n)(y-m)
= Xy - XN - My + mn = Xy - Xm - ny + mn
sx=y

So, f is one-one.

X—m

f(x) =
X—n
X—m

=1 =
y Xx—n

= y(x-n)=(x-m)
=S Xy-ny=Xx-m
= X(y-1) =ny-m
ny —m
= X= i ,y=1
yv—1

Fory =1, no x is defined.

So, fis into.
23. Question

Mark the correct alternative in each of the following:

x° -8

Let f: R - R be a function defined by f(x) = Then, fis

2

x2+2
A. one-one but not onto

B. one-one and onto

C. onto but not one-one

D. neither one-one nor onto

Answer

Given that f: R » R be a function where

x2—8
x2 4+ 2

f(x) =

Here, we can see that for negative as well as positive x we will get same value.

So, it is not one-one.

y = f(x)
x? -8
=V=——
y x2 + 2
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=y(x2 +2) = (x*-8)

= x%(y-1)=-2y - 8

2y + 8
=xX=
N

Fory =1, no x is defined.

So, fis not onto.
24. Question

Mark the correct alternative in each of the following:

f:R-Risdefined by f(x)=S__° _is
e* +e

A. one-one but not onto

B. one-one and onto

C. onto but not one-one

D. neither one-one nor onto

Answer

Given that f : R—» R where

z -3
¥ — X
ex® + g7x°

flx) =

Here, we can see that for negative as well as positive x we will get same value.

So, it is not one-one.

f(x)=y

By definition of onto, each element of y is not mapped to at least one element of x.

So, it is not onto.

25. Question

Mark the correct alternative in each of the following:
The function f: R » R, f(x) = x? is
A. injective but not surjective

B. surjective but not injective

C. injective as well as surjective
D. neither injective nor surjective
Answer

Given that f: R > R, f(x) = x?

Let f(x)=y(x)

= x2 = y2

=X =y

So, it is not one-one.
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But co domain is R.

Hence, f is neither injective nor surjective.

26. Question

Mark the correct alternative in each of the following:

A function f from the set of natural, numbers to the set of integers defined by

‘# when n 1s odd
f(n)=-

n .
5> when n 1s even

L -

A. neither one-one nor onto

B. one-one but not onto

C. onto but not one-one

D. one-one and onto both

Answer

Given that a function f from the set on natural numbers to integers where
n—1

— 2
fln) =9 5
?,when nis even

,when n is odd

For n is odd
Let f(n) = f(m)

n—1 m-1
2 2

=

=>n=m
For n is even

Let f(n) = f(m)

—n —m
= —=—

2 2
=n=m
So, fis one-one.
Also, each element of y is associated with at least one element of x, so f is onto.
Hence, f is one-one and onto.
27. Question
Mark the correct alternative in each of the following:
Which of the following functions from A = {x e R: -1 = x = 1} to itself are bijections?

A. f(x) = |x|
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) . TX
B. f(x)= sin—

) . TX
C. f(x)=sin—
1

D. none of these

Answer

GiventhatA= {x:-1=x=1}

a. f(x)=|x|

It is not one-one because f(-1)=1 and f(1)=1.

b. f(x) = sin(nf)

It is bijective as it is one-one and onto with range [-1, 1].
28. Question

Mark the correct alternative in each of the following:

X .. .
—. 1f x1seven ,
2 .Then, fis

Let f: Z - Z be given by f(x)=-
l 0. if xisodd

A. onto but not one-one
B. one-one but not onto
C. one-one and onto
D. neither one-one nor onto
Answer
Given function f: Z —» Z defined as
f(x) = E,whenx is even]
0,when x is odd
Forx =3, f(x) =0
Forx =5,f(x) =0
But3 =5
So, f is not one-one.
Y=f(x)
“XeR=yeR
-~ Domain = Range
Hence, f is not one-one but onto.
29. Question
Mark the correct alternative in each of the following:
The function f : R > R defined by f(x) = 6% + 6/X is
A. one-one and onto

B. many one and onto
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C. one-one and into
D. many one and into

Answer

Given that function f : R - R defined by f(x) = 6% + 6/

Let f(x) = f(y)

= 6% + 6IXI=6Y + 6lYI
Only when x =y

So, f is one-one.

Now for y=f(x)

y can never be negative which means for no x € R y is negative.

So, f is not onto but into.

30. Question

Mark the correct alternative in each of the following:

Let f(x) = x2 and g(x) = 2*. Then the solution set of the equation fog(x) = gof (x) is

A.R

B. {0}

C. {0, 2}

D. none of these

Answer

Given that f(x) = x2 and g(x) = 2*.
Also, fog(x) = gof (x)

= f(2¥)=g(x?)

= 72x _ gx°

= 2x = x2

= x2 - 2x=0

= x(x-2)=0
=>x=00rx=2

31. Question

Mark the correct alternative in each of the following:

If f: R > R is given by f(x) = 3x - 5, then f1(x)

A. is given by
3x -5

+5
B. is given by XT-

C. does not exist because f is not one-one
D. does not exist because f is not onto

Answer
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Given that f: R—» R is given by f(x) = 3x - 5
To find f~1(x):

y =f(x)

=>y=3x-5

=y +5=3x

v+5
3

X+ 5
3

32. Question

= X

= f1(x)=

Mark the correct alternative in each of the following:
If g(f(x)) = |sin x| and f (g(x)) = (’Sin\/{)'} then

A. f(x) = sin?x, g(x) = Vx

B. f(x) = sin x, g(x) = |X|

C. f(x) = x4, g(x) = sin Vx

D. f and g cannot be determined

Answer

Given that g(f(x)) = [sin x| and f (g(x)) = (sinyx)?

a. For f(x) = sin2x, g(x) = VX

f(g(x))=f(Vx)= (sinVx)2

g(f(x))=g(sin?x)= v sin?x= |sinx|

Correct

b. For f(x) = sin x, g(x) = |x]|

f(g(x)) = f(|x]) = sin x|

g(f(x) = g(sin x) = |sin x|

Incorrect

c. f(x) = x2, g(x) = sin Vx

f(g(x)) = f(sin Vx) = (sin Vx)2

g(f(x)) = g(x2) = sin |x|

Incorrect

33. Question

Mark the correct alternative in each of the following:
X _a%

The inverse of the function f: R [x e R: x < 1] given by f(x) = e—_is
X —-X
e"+e

A. logl__x
1-x

1| =
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-
f
v

B. ~log
2 2—X
1 1-x
2 1+x

D. none of these
Answer

Given that f: R—»[x € R: x < 1] defined by

X _ %
) = oo
Puty = f(x)
p¥ _ a—X
pl A
pfx—1
pl Aaeran]

>y(eXX + 1)=e2X-1
=eX(y-1)=-y-1

_y+1
_1—y

= EE:\-:

= 2x = log(%;)

1 1
=xX= Elog(%)

So, £*(x) =z log(*)

1-x
34. Question

Mark the correct alternative in each of the following:

Let A = {x €R: x = 1}. The inverse of the function f : A- A given by f(x) = 2x(*-1) js

N (l]};m—ll

2
B. %{1—,#1—410&:&}
C. %{1—,!1—410&):}

-

D. not defined

Answer

Given that A = {xe R: x = 1}. The function f: A— A given by f(x) = 2X(x-1)
Puty = f(x)

Ly = 2xxD)

= log,y =x(x— 1)

= log,y =x% —x
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1 +1 z +1
= 10 —=X“"—X _
g2y 2 2

] +1 L
= — = N
082y + 3 (x 2)

4log,v + l_l_l
= |——=" — =
4 2= "

. —
1+ j4log,y + 1
= —

2
1+ J4log,x+ 1
) =

35. Question
Mark the correct alternative in each of the following:

Let A= {xe R:x =<1} and f: A- A given by f(x) = x(2 - x).Then, f1(x) is
Als1—x

B.1—J1-x

C J1-x

D.1+41-x

Answer
Giventhat A= {xe R:x =1} and f: A- A given by f(x) = x(2 - x).
y = f(x)
=y =X(2-X)
=y =2x-x2
>y-1=2x-x2-1
>y-1=-(x2+1-2x)
>(x-12=1-y
=2 x=1- \,"1——}’
fix)=1—-Vi—x
36. Question
Mark the correct alternative in each of the following:
Let f(x)= L,Then, {fo(fof)} (x)
1-x
A. x forall xe R
B.x forall xe R- {1}
C.xforallxe R-{0, 1}
D. none of these

Answer
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Given that f(x) = %
—X

fof(x) = f(=) . for x=1

1
=>f0f=—1
l__
1—=x
fof 1—x
= -
T Tx 1
Xx—1
= fof =

fofof(x) = f(%), for x=0

= fofof = —

X

= fofof = ——
x—x+1

= fofof = x for all xe R -{0, 1}
37. Question
Mark the correct alternative in each of the following:

If the function f: R » R be such that f(x) = x - [x], where [x] denotes the greatest integer less than or equal to
x, then f1 (x) is

x—x]
B. [Xx] - x
C. not defined
D. none of these
Answer
Given that f: R = R be such that f(x) = x - [x], where [x] denotes the greatest integer less than or equal to x
We will have same value of f for different values of x.
So, the function is not one-one.
" fis not bijective
. f does not have inverse.
38. Question
Mark the correct alternative in each of the following:

If F: [1, ©) > [2, ) is given by f(x)= X—l‘then f1(x) equals.
X
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D1+x* -4

Answer

Given that F: [1, ) - [2, ») defined as
1

f(x)=x+ —

(x)=x "

y = f(x)

1
=y =X+-

—xy+—="—-1
= X°— Xy PR
2
Vo, ¥
P e ——
= G- =7
y , (v -4
==+
= X 2 4
=:-x=z+1 ly?2 —4
2 2V
X +Vx2—-4
0 =——

39. Question

Mark the correct alternative in each of the following:

"—1. x<0
Letg(x) =1+ x-[x]and f(x) = 1 0. x =0.where [x] denotes the greatest integer less than or equal to x.
1

x=0

.

Then for all x, f (g(x)) is equal to
A. x

B.1

C. f(x)

D. g(x)

Answer

Given that g(x) =1 + x - [x] and

—1,x<0
f(lx)=40,x=0
1LLx>=0

where [x] denotes the greatest integer less than or equal to x.

(i)-1 < x <0
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g(x) =1+ x-I[x]
=29(x)=1+x+1{ [x]=-1}
=9(X) =2 + X

f(g(x))=f(2 + x)

= f(g(x))=1 + 2 + x-[2 + X]
=f(g(x)) =3 + x-2-x
=flg(x)) =1

(i) x=0

f(g(x)) = f(1 + x-[x])

=fg(x)) =1+ 1+ x-[x]-[1+ x+ [x]]
=f(g(x)) =2+0-1

=f(g(x)) =1

(i) x > 1

f(g(x)) = f(1 + x-[x])

= f(g(x)) = f(x>0) =1

Hence, f(g(x)) = 1 for all cases.
40. Question

Mark the correct alternative in each of the following:

Let f(x) = ﬂ ¥ = —]1.Then, for what value of a is f(f(x)) = x?

x+1
A V2
B. -v2
C.1
D.-1

Answer

Given that (x) = —, x#-1 and f(f(x)) = x

o
’
x+1

= f(xtfl)=x

ax

x+1
53 X

+1

x+1

a’x ox
= =x

x+ 1 (x+1

+1)

2

= aXx = x(ax + x + 1)

saZ=ax+x+1

2_ax=x+1

=0
On comparing - ax with x,

We geta =-1
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41. Question

Mark the correct alternative in each of the following:
The distinct linear functions which map [-1, 1] onto [0, 2] are
A f(x)=x+1,g(x)=-x+1

B.f(x) =x-1,9g(x) =x+1
C.f(x)=-x-1g(x)=x-1

D. none of these

Answer

a.f(x)=x+1,9x)=-x+1

f(-1) =-14+1=0

fll)=1+1=2

Also,g(-1)=14+1=2

g(l)=-1+1=0

These functions map [-1, 1] onto [0, 2].

b.f(x) =x-1,9(x) =x+1

f(-1) =-1-1=-2

f(l)=1-1=0

Also, g(-1) =-1+1=0

g(l)=1+1=2

These functions do not map [-1, 1] onto [0, 2].
c.f(x) =-x-1g(x) =x-1

f(-1)=1-1=0

f(l)=-1-1=-2

Also, g(-1) =-1-1=-2

g(1)=1-1=0

These functions do not map [-1, 1] onto [0, 2].

42. Question

Mark the correct alternative in each of the following:
Let f:[2, ») = X be defined by f(x) = 4x - x2. Then, fis invertible, if X =
A. [2, ©)

B. (-, 2]

C. (-», 4]

D. [4, «)

Answer

Given that f: [2, «) » X be defined by

f(x) = 4x - x2

Lety = f(x)
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>y =4x - X2
>-y+4=4-4x+ X
=4-y=(x-2)
=:-x—2=\,"4——y
=2x=2+ \,"4——}’

SO, fix)=2 +V4—x
where x < 4

S0, X € (-, 4]

43. Question

Mark the correct alternative in each of the following:

—X | X|

Iff: R— (-1, 1) is defined by f(x) = then f1(x) equals

Ry
1-|x|

B. —Sgn(x)

R

1+x~

| x|

1-|x|

D. none of these
Answer
Given thatf: R—= (-1, 1) is defined by

—x[x|

fx) = 1+ x2

Here for mod function we will consider three cases, x = 0, x<0 and x>0.

For x< O

X2

Y =T e

= y(l + x%) = x?

’ [yl
=X=— LX< 0
11yl

Also, checking on x>0 and x = 0 we find that
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¥l
1-|yI’

f~1(x) = —sgn(x)

44. Question
Mark the correct alternative in each of the following:
Let [x] denote the greatest integer less than or equal to x. If f(x) = sin! x, g(x) = [x?] and

<X < .then

h(x)=2x.

-
pa

5

A. fogoh (x) = n/2
B. fogoh (x) = n

C. hofog = hogof
D. hofog # hogof

Answer

il

ra

Given that f(x) = sin™! x, g(x) = [x?] and h(x) = 2"!5 Sx=-
a. goh(x) = g(2x)

= goh(x) = [4x?]

fogoh(x) = f([4x?])

= fogoh(x) = sin"1 [4x?]

Hence, given option is incorrect.

b. Similarly, this option is also incorrect.
c. fog(x) = f([x2])

= fog(x) = sin™! [x?]
hofog(x) = h(sin™! [x?])

= hofog(x) = 2(sin™! [x2])
gof(x) = g(sin™! x)

= gof(x) = [(sin"1 x)?]
hogof(x) = h([(sin™1 x)2])

= hogof(x) = 2[(sin"1 x)?]
Hence, hogof(x) # hofog(x)
45. Question

Mark the correct alternative in each of the following:

If g(x) = x2 + x - 2 and lgof (x) = 2x2 - 5x + 2, then f(x) is equal to
i

a—

A.2x-3
B.2x + 3

C.2x2 +3x + 1

D.2x2-3x-1
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Answer

Given that g(x) = X2 + x - 2 and
1

Egof(x) = 2x?-5x + 2

a. Let f(x) =2x -3

gof(x) = g(2x - 3)

= gof(x) = (2x - 3)2 + 2x-3-2
= gof(x) = 4x2-12x + 9 + 2x -5
= gof(x) = 4x2 - 10x + 4

4% — 10x + 4

1
Egof (x) = 5

= %gof{x)= 2x2—56x + 2

Hence, this option is the required value of f(x).
b. Let f(x) = 2x + 3

gof(x) = g(2x + 3)

= gof(x) = (2x + 3)2 + 2x + 3 -2

= gof(x) =4x2 + 12x + 9 + 2x + 1

= gof(x) = 4x2 + 14x + 10

1 4x% + 14x + 10
Egﬂf (x) = 5

1
=:-Egof(x)= 2x% + 7x + 10

Hence, this option is not the required value of f(x).
¢ and d option are incorrect because their degree is more than 1. So, the degree of gof will be more than 2.
46. Question

Mark the correct alternative in each of the following:

If f(x) = sin? x and the composite function g(f(x)) = |sin x|, then g(x) is equal to
A Jx -1

B. Jx

C Jx+1

D. —./x

Answer

Given that f(x) = sin? x and the composite function g(f(x)) = |sin x|.
9(f(x)) = g(sin? x)

a. Ifg(x) =vx—1

g(f(x)) = y/sin2x — 1
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Hence, given option is incorrect.

b. If g(x) =vx

g(f(x)) = /sinx

= g(f(x)) = |sin x|

Hence, given option is correct.

ClIfg(x) =vx + 1

g(f(x)) = Vsin?x + 1

Hence, given option is incorrect.

d. If g(x) =-vx

g(f(x)) = —/sinx

= g(f(x)) = - sin x

Hence, given option is incorrect.

47. Question

Mark the correct alternative in each of the following:
If f : R » R is given by f(x) = x3 + 3, then f1(x) is equal to
A x13-3

B.x/3 + 3

C.(x - 3)13

D. x + 33

Answer

Given that f: R - R is given by f(x) = x3 + 3

Then f1(x):

y = f(x)

>y=x>+3

=>y-3=x

=xX= i,’ﬁ

S0, f1(x) =¥x -3

48. Question

Mark the correct alternative in each of the following:
Let f(x) = x3 be a function with domain {0, 1, 2, 3}. Then domain of f1is
A.{3,2,1,0}

B. {0, -1, -2, -3}

C.{0,1,8,27}

D. {0, -1, -8, -27}

Answer
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Given that f(x) = x3 be a function with domain {0, 1, 2, 3}.
Then range = {0, 1, 8, 27}

f can be written as {(0, 0), (1, 1), (2, 8), (3, 27)}

f-1 can be written as {(0, 0), (1, 1), (8, 2), (27, 3)}

So, the domain of f1is {0, 1, 8, 27}

49. Question

Mark the correct alternative in each of the following:

Let f: R = R be given by f(x) = x? - 3. Then, f'1 is given by

A Jx+3
B. Jx +
C.x+.f3

D. none of these
Answer
Given that f : R - R defined by f(x) = x% - 3
For f1:
y = f(x)
sy=x2-3
= X = iv’m
f~1(x) =+Vx + 3
50. Question
Mark the correct alternative in each of the following:
Let f: R = R be given by f(x) = tan x. Then, f1(1) is

1]

A =
4

B. J11:1:—— 11[:2}
| 4

C. does not exist

D. none of these

Answer

Given that f: R » R be given by f(x) = tan x
For f1:

y = f(x)

=y =tan x

=>x=tanly

f-1 = tan'l x
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™
= fx)=nm + 7nE Z

51. Question

Mark the correct alternative in each of the following:

2%, if x =3

Let f: R - R be defined as f(x)=/x.if 1= x = 3.

3x.if x =1

Then, find f(-1) + f(2) + f(4)

A9

B. 14

C.5

D. none of these

Answer

Given that f: R - R be defined as

2x,ifx>3
f(x) = ,xz,ifl <x< 3]
3xifx=1

For f(-1):

f(x) = 3x

=f(-1) = -3

For f(2):

f(x) = x

=>f(2) =4

For f(4):

f(x) = 2x

=f(4) =8

f(-1) +f(2) + f(4) =-3+4+8

= f(-1) + f(2) + f(4) =9

52. Question

Mark the correct alternative in each of the following:
Let A= {1, 2, ..., n} and B = {a, b}. Then the number of subjections from A into B is
A."P,

B.2"-2

C.0

D. none of these

Answer

Giventhat A= {1, 2, ..., n} and B = {a, b}

The number of functions from a set with n number of elements into a set of 2 number of elements = 2
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But two functions can be many-one into functions.

Hence, answer is 2" - 2.
53. Question
Mark the correct alternative in each of the following:

If the set A contains 5 elements and the set B contains 6 elements, then the number of one-one and onto
mappings from A to B is

A. 720

B. 120

C.0

D. none of these

Answer

Given that set A contains 5 elements and set B contains 6 elements.
Number of one-one and onto mappings from A to B means bijections from A to B.
Number of bijections are possible only when n(B) < n(A).

But here, n(A) < n(B)

So, the number of one-one and onto mappings from A to B is 0.

54. Question

Mark the correct alternative in each of the following:

If the set A contains 7 elements and the set B contains 10 elements, then the number one-one functions
from Ato B is

A. 10c,

B. 10C; x 7!

c. 710

D. 107

Answer

Given that set A contains 7 elements and set B contains 10 elements.
The number one-one functions from A to B is 10C; x 7!.

55. Question

Mark the correct alternative in each of the following:

-

3 "
Let f: R —J“_} — R be defined by f(x) = 3x +2 Then,

& 5x -3

L

A. fl(x) = x
B. f1(x) = -f(x)
C. fof (x) = x

. 1.
D. fi(x)="f(x
()19()

Answer
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£ R [3} R defined as f(x) = -
. . P —_ % =
Given that It 5 elned as 1(.x tx 3
Forf-l:

3x + 2
Y= 5x_3

=>y(5x-3)=3x+2
=>Xx(5y-3)=2+ 3y

2+ 3y
- By—3

=X

So, {1 (x) = ==

fof( )_f(BerZ)

R
E.‘_:(+2 + 2

= fof(x) = 25— 3
Sx—3

3(3x + 2) + 2(5x—3)

= ol = e 2 — 3~ 3)
19x

= fOf(X) = H

= fof(x) = x

Hence, option C is correct.
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